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Abstract
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the marginal return to effort exhibits a log-supermodularity property. With
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couragement and disparity effects. However, there is limited scope for robust
regulation. Any regulation that does not exclusively benefit the underdog risks
backfiring. These conclusions extend to a subset of contests with heterogeneous

technologies.

JEL Classification Numbers: C72, D72
Keywords: Contests, discouragement effect, disparity effect, log-supermodular

contests, robust regulation, stochastic performance, tournaments.

*I thank SSHRC (grant 435-2022-0360) for funding this research.
"Department of Economics and Finance, University of Guelph. Email: rkirkega@uoguelph.ca.



1 Introduction

Contests including court trials, presidential elections, sporting events, promotion con-
tests, patent races, and so forth often involve identifiably heterogeneous agents. Take
the point of view of an outsider tasked with predicting comparative statics or making
policy recommendations. His problem is that his information is limited to knowing
only which agent is the favorite. This information may plausibly have been inferred
from empirical observation of past contests. However, he does not know the underly-
ing contest primitives in any detail. Is he in fact able to predict comparative statics
or recommend a robust regulatory design? For instance, does increasing the stakes
spur competition and higher effort? Does decreasing the stakes for the favorite have
the same qualitative effects as increasing them for the underdog? No general frame-
work currently exist to answer these types of questions. Similarly, it is unclear a
priori whether the answers materially depend on exactly why one particular agent
has emerged as the favorite. She might have a technical advantage or she might sim-
ply have a greater desire to win. Is it important to understand the cause and, by
extension, important for contest design? This type of question is currently overlooked.

I propose a general and microfounded model of noisy contests. The microfoun-
dation is intended to provide a “story” of the origin of noise. The source of noise
is taken to be stochastic performance. In other words, the agent’s action combines
with random factors to produce a non-degenerate distribution over her performance.
The agent’s technology describes this process. The winner is the agent with the best
realized performance, but this need not be the agent with the highest effort.

The primitives of any contest consist of agents’ technologies and preferences (valu-
ations and cost functions). I identify large classes of primitives for which comparative
statics are qualitatively the same and which rely only on knowing who the favorite
is.1? I then ask whether robust regulation is possible when the primitives are restricted
to those classes and the regulator can identify the favorite. It turns out that special
attention must be paid to whether technologies are homogeneous or heterogenous.

As long as technologies are homogeneous, key comparative statics are remarkably

'For concreteness, this paper considers contests with two agents. An earlier version, Kirkegaard
(2025a), discusses the general case but the results are particularly sharp in the two-agent case.

2Following the literature, comparative statics are understood to be with respect to preferences.
Comparative statics with respect to technologies is an understudied area. It is also more technically
demanding. See Bastani, Giebe, and Giirtler (2022) and the companion paper, Kirkegaard (2026),
for some comparative statics in the more specialized models considered in Section 7.



robust across a large class of primitives. The fundamental reason is that it can be
inferred whether any given agent views actions as strategic complements or substitutes
based only on information about whether the agent is the favorite or not.
Regulation is much more delicate. Fix any objective function that is monotonic in
actions. For instance, the regulator may be concerned with total effort, expected total
productivity, or the expected value of the winner’s performance. For any regulation
that alters the stakes for the favorite in any way and /or reduces them for the underdog,
there exists well-behaved contests where the regulation backfires. Only regulation that
exclusively raises the stakes for the underdog are guaranteed to work.> As in other
contexts, such as Carroll (2015), robustness concerns lead to simpler interventions.
Heterogeneous technologies complicates matters in a way that heterogeneous pref-
erences does not. Comparative statics may be reversed. In other words, it can be of
critical importance to understand exactly why one agent comes out as the favorite
and in particular whether heterogeneous technologies are involved. A set of contests is
characterized for which results mirror those of contests with homogenous technologies.
In these contests, the agent who emerges as the favorite has both stronger preferences

and a technology that is more productive and more sensitive to her action.

LOG-SUPERMODULAR CONTESTS: Let F(z;]a;) denote the cumulative distribution
function of agent ¢’s performance, x;, when her action is a;. The distribution F’ Z(xl\az)
describes the agent’s technology. It is the most important primitive of the model.
Unlike existing approaches, no specific functional form assumptions are imposed.
The central structural property is log-supermodularity. It is imposed in two ways.
First, the monotone likelihood-ratio property (MLRP) is assumed to hold, but this is
equivalent to assuming that the density is log-supermodular in (z;, a;). Second, and
more importantly, the distribution is assumed to have the no-upward-crossing (NUC)
property introduced by Chade and Swinkels (2020) for problems with a single agent.
To interpret NUC, recall that the probability that agent i’s performance exceeds
some threshold, z;, is 1 — F'(z;|a;). The latter increases at a rate of —F}(z;]a;) in
the agent’s action, and NUC is now precisely that —F!(z;|a;) is log-supermodular.
Relatively speaking, the return to extra effort increases faster in the action the larger
the threshold is. In this sense, NUC is a complementarity condition. Chade and
Swinkels (2020) note that “NUC is satisfied for every distribution that we are aware

3There is a caveat to even this statement. If the intervention is sufficiently large, the underdog
may become the favorite and there is again a chance that the regulation backfires.



of that is commonly used in economic applications.”

This paper is the first to use log-supermodularity to systematically study contests.
Contests satisfying the MLRP and NUC are henceforth referred to as log-supermodular
contests, or LSM contests for short. The contest success function (CSF) is a product
of, and inherits structure from, the technologies. In any LSM contest, the CSF and
(the numerical value of) its partial derivatives are log-supermodular in actions.

The vast literature on contests is dominated by a small set of models. In the case
of noisy contests, the workhorse models are the Tullock contest and the rank-order
tournament, due to Tullock (1980) and Lazear and Rosen (1981), respectively. Lazear
and Rosen’s tournament is a contest of stochastic performance in which the agent’s
action shifts the location of the distribution function. This is a LSM contest under the
common assumption that densities are log-concave. Similarly, Tullock’s contest has
been microfounded as a contest with stochastic performance. In the microfoundation
proposed by Fullerton and McAfee (1999), higher effort makes the distribution more
convex in a particular way. In Hirschleifer and Riley’s (1992) microfoundation, the
agent manipulates the scale parameter of an exponential distribution. These contests
are also LSM contests. Thus, LSM contests nest the standard models.

HOMOGENEOUS TECHNOLOGIES: The central insight in LSM contests with homoge-
neous technologies is that it is always the case that the frontrunner (laggard) views
actions as strategic complements (substitutes). The strategic incentives in turn deter-
mine the shape of the reaction functions. Thus, reaction functions are hump-shaped
in all LSM contests with fully homogeneous technologies.*

Dixit (1987) has already shown that the above properties hold in the workhorse
models. However, he works with the reduced form CSFs in a mechanical way, and he
does not invoke the microfoundations. Hence, it is unclear what the economic driver is
and whether the results generalize. In LSM contests, the complementarity property
embodied by NUC clearly drives the results. Similarly, Dixit’s insights generalize
because the workhorse models are just special cases of LSM contests. It is not a
coincidence that the two workhorse models share many properties.

In the same vein, comparative statics are determined by the reaction functions.
Hence, a set of comparative statics are qualitatively similar in all these contests. Three

comparative statics are worth highlighting. The first comparative static is an individ-

4Note the implied restriction to unique best responses. It is a useful fact that the structure of the
CSF enables a succinct characterization of preferences that guarantee quasiconcave payoff functions.
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ual discouragement effect which confirms the intuition that any agent works hardest
in equilibrium if matched with an opponent with the same preferences. Asymmetry
in preferences can only lessen incentives and discourage effort.

The remaining results relate to the overall effects of an increase in asymmetry. The
collective discouragement effect reveals that both agents work less hard in equilibrium
if the underdog’s preferences become weaker. The collective disparity effect says that
if the favorite becomes stronger, then equilibrium actions move even further apart —
the disparity widens — and the favorite becomes even more likely to win. Thus, the

two effects capture different adverse consequences of a more uneven playing field.

ROBUST REGULATION: Imagine there is some regulator with the authority to mar-
ginally influence the stakes of the contest.” The collective discouragement effect im-
plies that both agents can be made to work harder by raising the underdog’s stakes
without changing the favorite’s stakes. Thus, such an intervention is beneficial for any
regulator whose payoff is monotonic in actions. As an example, consider a regulator
who wishes to increase expected performance. Note that he is unable to compute ex-
pected performance if he does not know the technologies. Nevertheless, the proposed
intervention is guaranteed to be beneficial. Similarly, consider a regulator whose in-
tervention must be approved by a committee whose members have varying objective
functions. No member with monotonic preferences will veto the proposed regulation.

There are many other ways to manipulate the contest. For instance, it might be
conjectured that raising the stakes for both agents increases competition. However,
even if the regulator is endowed with information about technologies, a well-specified
objective function, and information about who is the favorite, there exists preferences

such that regulation backfires if it differs from the kind in the previous paragraph.

HETEROGENEOUS TECHNOLOGIES: Although largely neglected in the literature, many
contests feature heterogeneous technologies. The incumbent in a presidential election
has different baggage than the challenger and is typically better known. Agents on
opposing sides in a court trial are by definition in highly asymmetric positions. Such
built-in asymmetries imply that agents’ spending (on the campaign or legal coun-
sel) may resonate differently with the constituency they are trying to convince (the

electorate or the jury). For example, the challenger is more of a blank slate and her

>The stakes of the contest are captured by the prize spread between winning and losing. The
stakes can be decreased by decreasing the prize of winning or by increasing the consolation prize.
For the purposes of this discussion, the costs of altering the stakes are ignored.
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performance with the electorate may be more uncertain even if campaign spending is
comparable. Notably, these stories are not driven by heterogeneous preferences.
Heterogeneous technologies imply that the feasible set of performance distribu-
tions differ across agents. Indeed, heterogeneous technologies are more subtle than
heterogenous preferences. Technologies map actions into different functions (distrib-
utions) whereas cost functions simply map actions into different real numbers (costs).
Heterogeneous technologies also lead to asymmetric CSFs. It is no longer necessarily
the case that it is the favorite who views actions as strategic complements. The un-
fortunate implication is that knowing which agent is the favorite is no longer sufficient
to predict comparative statics or derive robust regulation. However, I characterize a
family of ordered LSM contests for which sufficiency is recovered. A knife-edge case

is identified and used to more precisely illustrate the confines of this class of contests.

RELATED LITERATURE: The workhorse models are highly tractable. Extensions in
many directions are therefore possible, especially when agents are homogeneous. To
name a few, the literature has considered endogenous prize structures, team contests,
multi-battle contests, contest architecture, and information disclosure. For recent
contributions, see Schweinzer and Segev (2012), Drugov and Ryvkin (2020), Serena
(2022), Barbieri and Serena (2024), and Jiao et al (2025). In contrast, I push beyond
the boundaries of the workhorse models while focusing on heterogenous agents.

Baik (1994) uses the hump-shaped reaction functions to derive what is essentially
the collective disparity and discouragement effects in a generalized Tullock contest.
In fact, discouragement and disparity effects are now integral to the debate on the
merits of policies meant to level the playing field. See Chowdhury, Esteve-Gonzélez,
and Mukherjee (2023) for a recent survey. Drugov and Ryvkin (2022) offers a critical
examination. I investigate a large class of contests and shows that certain discour-
agement and disparity effects are common to all of them.

The literature on generalized contests is scant. Focusing on two-agent contests,
Malueg and Yates (2005) examine the role of the CSF in comparative statics. How-
ever, their CSF is a black box that simply maps the action profile into winning
probabilities without any microfoundations. Malueg and Yates (2005) mainly con-

centrate on (potentially asymmetric) CSFs that are homogenous of degree zero in

6Fang, Noe, and Strack (2020) study different manifestations of discouragement effects in all-pay
auctions with symmetric contestants when e.g. prizes become more unequal or when more agents
enter. In the present paper, discouragement effects refer to properties of asymmetric contests.



actions and cost functions that are linear.” The reaction functions are hump-shaped
but there are no insights into whether or when the favorite views actions as strate-
gic complements. I provide sufficient conditions that ensure that the favorite indeed
views actions as complements in microfounded contests with heterogeneous technolo-
gies. Thus, one advantage of the approach is that there are clearly defined primitives
that give structure to the CSF and which lend themselves to economic interpretation.

The literature on rank-order tournaments tends to use the state-space approach.
Contests with stochastic performance can be thought of as (generalized) rank-order
tournaments where the Mirrlees approach is used instead. Koh (1992) appears first
to use the Mirrlees approach in this context. He assumes that technologies are homo-
geneous and concludes that the agent with the stronger preferences is the favorite.

Bastani, Giebe, and Giirtler (2022, henceforth BGG) propose a specific model of
contests with heterogeneous technologies. They use the state-space approach and as-
sume agents have identical production functions but heterogeneous distributions over
states. BGG show that the two agents take the same equilibrium action when pref-
erences are homogeneous. I show that this conclusion is due to a knife-edge property
of their model.® BGG do not examine the consequences of heterogeneous preferences.
However, their model is an ordered LSM contest under natural assumptions.

Lazear and Rosen (1981), Hirschleifer and Riley (1992), and BGG all assume
that noise is univariate. In comparison, the Mirrlees approach can accommodate
what amounts to multiple sources of noise in the state-space approach. For instance,
assume agents have identical production functions that feature both additive noise
as in Lazear and Rosen (1981) and multiplicative noise as in Hirschleifer and Riley
(1992). As in BGG, assume that agents have heterogeneous noise distributions. I use
such a model to demonstrate that the BGG result does not hold with multivariate
noise because the aforementioned knife-edge property fails as a consequence.

Finally, this work is a continuation of Kirkegaard (2023) and Kirkegaard (2025b).
Kirkegaard (2023) characterizes optimal biases in contests with stochastic perfor-
mance when the designer knows the primitives. Thus, there is no need to examine
comparative statics in unbiased contests or to impose NUC. Kirkegaard (2025b) stud-

ies the special case of log-modular contests while allowing for incomplete information.

"See Fu, Lu, and Pan (2015) for another prominent paper that relies on similar assumptions.

8Giebe and Giirtler (2026) extend the BGG model to several agents. They show that the ranking
of actions across agents may flip as the prize structure changes. The robustness of those conclusions
are discussed in the previous version of this paper, Kirkegaard (2025a).
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2 Model and preliminaries

2.1 Contests with stochastic performance

Two risk neutral agents compete in a complete-information contest. Agent i’s value
of losing the contest is zero and her value of winning the contest is v; > 0, ¢ = 1, 2.
She exerts effort a; > 0 in pursuit of winning. The cost of action a; is described by
a twice continuously differentiable cost function ¢;(a;), with ¢;(a;) > 0 for all a; > 0.
Normalize ¢;(0) = 0 and assume that the cost function is unbounded above.

Let P'(a) denote the probability that agent i wins the contest if the action profile

is a = (a1, as).” Thus, agent i’s expected utility from action profile a is
u'(a) = v; P'(a) — ci(a;). (1)

The function P’(a) is known as the contest success function (CSF). Rather than
treating the CSF as a black box, it is unpacked by assuming that performance is
stochastic and that the agent with the highest realized performance is the winner.
In this story, agent i’s action matters because it shapes the distribution from which
her performance is drawn. In particular, agent ¢’s stochastic performance, X;, is
described by some distribution function, F*(z;]a;), which is parameterized by her
action, a;. The distribution function can be thought of as the agent’s performance
technology. Given a, performance is statistically independent across agents.

If a; > 0 then F' is atomless and has full support on [z,7Z], with T > z. Let
f%(z;|a;) denote the density function, assumed to be strictly positive on (z,7). In
order to invoke some results in Chade and Swinkels (2020), assume that F" and f°
are C?. Assume that F! < 0 for all z € (z,Z). Thus, the performance distribution
improves in the sense of first order stochastic dominance when the agent works harder.
The support [z, 7] is the same for all a; > 0 and all agents i = 1, 2.

If a; = 0 then I either has the above properties, or it is degenerate at z. In the
latter case, the agent’s performance is the worst possible with probability one. Hence,
she has no chance of outperforming an agent whose distribution is not degenerate. If

a = 0 and both I are degenerate, then both agents deliver the same performance, .

9Subscripts on variables and univariate functions indicate the identity of the agent. For multi-
variate functions, the identity of the agent is captured by a superscript, such that subscripts can be
used to indicate partial derivatives.



In this case, let P*(0) = % In all other cases, the best performance is greater than x
with probability one and it is a probability zero event that the two agents tie for the

best performance. Thus, when F' is not degenerate, agent i wins with probability

Pi(a) = / Fi (alay) £ (xlas)d, 2)

where j # 4. In the case where F(-|0) is degenerate, it is still assumed that the
distribution is continuous in a;, i.e. that lim,, o F(z;la;) = 1 for all z € [z,T].
The implication is that P?(a) is continuous in a; whenever her opponent has a non-
degenerate distribution.

The next examples demonstrate that existing contest and tournament models can

be viewed as special cases of contests with stochastic performance.

Ezample 1 (Rank-order tournaments and probit CSFs): Lazear and Rosen (1981)
consider a rank-order tournament with additive noise. Agent i’s performance is x; =
a; + €;, where ¢; € R is the realization of a random variable. If ¢; has distribution
Qi(g), then Fi(x;la;) = Q;(x; — a;) captures the performance technology. Agent i
wins if a; — a; > ¢; — &; and it follows that P’(a) is a function of a; — a;. Hence, this
model provides a microfoundation for the so-called probit CSF.!°

Lazear and Rosen (1981) follow the state-space approach, in which ¢; is the
“state” and the agent’s performance is described by a state-contingent production
function. This approach requires the specification of both a production function,
z; = 7'(g;,a;), and a distribution over states, Q;(g;). Lazear and Rosen (1981) as-
sume that 7'(g;,a;) = a; + ; and that Q;(g;) is identity-independent. I use the

Mirrlees approach instead, meaning that F(x;|a;) is taken to be the primitive. A

Ezample 2 (Best-shot contests and logit CSFs): Tullock’s (1980) CSF is oftentimes
thought of as a black box, but it has also been microfounded as a contest with

stochastic performance. A slight variation of the microfoundation in Fullerton and
McAfee (1999) is presented here.

'"Lazear and Rosen (1981) assume that £; and &; are i.i.d., but it is understood that it is the
distribution of €; — ¢; that is important. Dixit (1987) only requires that the density of ; — ¢;
is symmetric and unimodal. As a benchmark, this is indeed satisfied if €; and ¢; are i.i.d. with
unimodal densities (as, for future reference, is the case if the densities are log-concave). However,
the condition is also satisfied if €; and ¢; are independent but with different densities that are
unimodal and symmetric around zero, and of which at least one is log-concave. See Ewerhart and
Serena (2025) and the references therein for further discussion. The implications of more general
distributions of ¢; — ¢; for comparative statics do not appear to have been examined.
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Agent i’s performance is independently drawn from the distribution function
Fi(x;|a;) = H(z;)P(%), where H(z;) is some atomless and twice differentiable dis-
tribution function with full support and where p;(a;) > 0 is a strictly increasing and
twice differentiable function. Note that F*(z;]0) is degenerate if p;(0) = 0. The func-
tion p;(a;) is known as the impact function. It is as if agent ¢’s action buys her p;(a;)
independent draws from the distribution H(x;), and her performance equals the best
of those draws. Since H is identity-independent, any draw by any agent has an equal

chance of being the best draw. Thus, agent ¢ wins with probability

i pi(ai)
Pa) = pi(ai) + pj(a;)’ @
whenever p;(a;) + pj(a;) > 0. Alternatively, (3) can be verified directly from (2).
Following Dixit (1987), the CSF in (3) is referred to as the logit CSF. Fullerton
and McAfee (1999) assume that p;(a;) = a;, but this is clearly not important for the
argument that led to (3). However, when p;(a;) = a;, (3) reduces to the lottery CSF.
If p;(a;) = af for some r > 0, then (3) is known as the Tullock CSF. A

The primitives are {v;, ¢;(+), F(-|-)},. It is common in contest theory to allow
identity-dependent preferences, but rare to allow identity-dependent technologies.
However, the model provides a framework for studying heterogeneous technologies in

detail. A more precise taxonomy is needed.

Definition 1 (Homogeneous and heterogeneous technologies) Agents have ho-
mogeneous technologies if F' can be written as F'(x;la;) = G(x;|pi(a;)) fori = 1,2.
Technologies are fully homogeneous if the range of p;(a;) is the same for i = 1,2.

Agents have heterogeneous technologies in all other cases.

Technologies are fully homogeneous if and only if any agent can perfectly reproduce
the performance distribution of any other agent, regardless of the latter’s action. In
particular, agent ¢ can mimic F7(z;]a;) simply by choosing an action a; for which
pi(a;) = p;(a;). However, the cost of said performance distribution may be different
for agent ¢ and agent j. Hence, this situation is identical to one in which the p;
functions are normalized to be the same for all agents, but the ¢; functions are not.
In this case, technologies are identity-independent.

For homogeneous technologies, F!(xz;|a;) = G,(z;|pi(a;))pi(a;). To conform to pre-

vious assumptions, assume that G,(x;|p;(a;)) < 0 for z € (z,7) and that p}(a;) > 0.
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Thus, p;(a;) can be interpreted as an impact function, with higher impacts translating
into stronger distributions of performance. Let g(x;|p;(a;)) denote the density.

Technologies are fully homogeneous in Example 2 if e.g. p;(a;) = a;* with po-
tentially identity-dependent r; > 0, but not if p;(a;) = i + a]. In the latter case,
agent 2 cannot reproduce the poor performance technology of agent 1 if a; is small
enough. This is similar to a situation in which the action set is different for differ-
ent agents. Note that homogeneous technologies can be ranked across agents in a
first-order stochastic dominance sense, based on how large p;(a;) is.

In comparison, technologies are heterogeneous if H(x;) is made identity-dependent
in Example 2. Bastani, Giebe, and Giirtler (2022) and Giebe and Giirtler (2026) con-
sider rank-order tournaments with noise that have identity-dependent distributions.
These are also heterogeneous technologies. Heterogeneous technologies can not nec-

essarily be ranked across agents in a first-order stochastic dominance sense.

2.2 Log-supermodular contests

The distribution functions are important because they shape the CSF, P‘(a). A main
contribution of the paper is to identify general conditions on the technologies that
in turn give structure to the CSF. Key to these developments is the notion of log-
supermodularity. Recall that a non-negative and multivariate function ¢(zy, 2, ..., 2

is log-supermodular if, for all z’ and all z”, it holds that
t(z' vtz NZ") > t(2)t(Z"), (4)

where z' V z” is the component-wise maximum and z’ A z” is the component-wise
minimum. Thus, log-supermodularity is a complementarity condition. If ¢ is strictly

positive and differentiable, then log-supermodularity obtains if and only if

D?Int(zy, 29, .., 2m) -
aziazj -

for all ¢ and 7, with ¢ # j. In the following, ¢ is said to be strictly log-supermodular
if the above inequality is strict whenever t is strictly positive. If the inequality is
reversed then the function is log-submodular. Athey (2002) uses log-supermodularity
for comparative statics in decision problems and some games.

To start on familiar ground, the commonly invoked monotone likelihood ratio

10



property (MLRP) is precisely that the density f*(z;]a;) is log-supermodular in (z;, a;).

A strict version of MLRP will sometimes be required.

Definition 2 (MLRP) The distribution F' has the (strict) monotone likelihood ra-
tio property (MLRP) if f' is (strictly) log-supermodular on (z,T) x (0, 00).

The MLRP implies that F' < 0 but, as mentioned earlier, the stronger assumption
that F! < 0 for all x € (z,7) is made. The next step adds further structure to F!.
In particular, a regularity property from Chade and Swinkels (2020) is imposed.
They also assume that ! < 0 for all x € (z,7). Their no-upward-crossing (NUC)
condition then says that for any v € R, F! (-|a;) — vF,(-|a;) never crosses zero from
below on (z,T). However, they prove that this is equivalent to assuming that —F" is

log-supermodular. A strict version is often required.

Definition 3 (NUC) The distribution F' satisfies (strict) NUC if —F! is (strictly)

log-supermodular on (x,Z) x (0, 00).

The NUC condition has a natural economic interpretation. Fix some performance
threshold, z;. Given action a;, the probability that agent i successfully exceeds the
threshold is 1 — F(x;|a;). Thus, a marginal increase in a; increases the probability
of success by —F!. Hence, NUC disciplines how the marginal return to extra ef-
fort depends on the threshold and the starting level of effort. An explanation that
complements the one in Chade and Swinkels (2020) is provided next.

Consider two actions ay and a; and two interior thresholds zy and zp, with

apg > ar, and xy > xp. Then, it follows from (4) that

—Fi(xplag) - —F(xp|an)
—Fi(zglay) — —Fi(xLlar)

In words, the relative increase in the success probability from extra effort is more
sensitive to the starting effort level the higher the threshold is. If the threshold is
high, then it is hard to succeed. A small increase in effort is unlikely to make much
difference if effort is low to begin with, but it may make a difference if effort is high.
Thus, the left hand side is large. On the other hand, if the threshold is low then it is
easy to succeed. A small increase in effort is of little consequence if effort is high to
start with, but it may be significant if effort is low originally. Hence, the right hand

side is small.
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Some of the following results rely only on MLRP, others only on NUC, but many
rely on both. Since both properties are log-supermodularity properties, contests that
satisfy both MLRP and NUC will be referred to as log-supermodular (LSM) contests.

Definition 4 (LSM Contests) If " satisfies (strict) MLRP and (strict) NUC for
all i, then the contest is said to be a (strict) log-supermodular (LSM) contest.

Chade and Swinkels (2020) observe that MLRP and NUC are identical require-
ments in the location families of distributions where F*(z;|a;) = Q;(z; — a;). In this
case, fi(zi|la;) = —F(xila;) = qi(z; — a;), where ¢; is the density. Hence, the two
properties hold if and only if the density is log-concave. It follows that rank-order
tournaments with additive noise are LSM contests as long as densities are log-concave.
The best-shot contest in Example 2 is also a LSM contest. Similarly, Hirschleifer and
Riley (1992) use an exponential distribution to microfound the lottery contests with
two agents. This distribution also satisfies both MLRP and NUC. In this sense, LSM
contests nest and unify existing models.

As proven in e.g. Athey (2002), the MLRP implies that F" is log-supermodular.
Hence, f*, F*, and —F! are all log-supermodular in LSM contests. The CSF and its
partial derivatives are obtained by integrating products of functions like f?, I, and
—F! across agents, but such operations preserve log-supermodularity. Consequently,
the CSF and its partial derivatives inherit log-supermodularity from the technologies.
The derivative of P*(a) with respect to a; is denoted P} (a)."!

Proposition 1 The CSF in any LSM contest has the following properties:
1. P'(a) is log-supermodular in a on (0, 00)?.
2. For j #1i, —P}(a) is log-supermodular in a on (0, 00)>.

3. Pi(a) is log-supermodular in a on (0, 00)?.

3 Incentives in LSM contests

This section begins by examining the strategic incentives in LSM contests. The
resulting insights are then used to describe the shape of the reaction functions. The

reaction functions in turn open the door for comparative statics later on.

"Parts (i) and (ii) in Proposition 1 extend to an arbitrary number of agents. With two agents,
P!(a) = —P/(a) and part (it) automatically implies part (44i).
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3.1 Strategic substitutes and complements

Some important definitions help frame the analysis and discussion. To trace out
reaction functions, it is important to distinguish between arbitrary action profiles

and equilibrium action profiles.

Definition 5 (Complements/substitutes) Fix any interior action profile. Agent
i views actions as strategic complements if Pj,(a) > 0 and as strategic substitutes if
Pjy(a) < 0.

Definition 6 (Frontrunner/laggard and favorite/underdog) Fiz any action pro-
file, a. Agent i is the frontrunner if P'(a) > L and is the laggard if P'(a) < 5. If
a* is an equilibrium action profile then agent i is the favorite if P'(a*) > % and the

underdog if P'(a*) < 3.

To see why agent i views actions as strategic complements if Pjy(a) > 0, note that
her return to extra effort depends on P/(a). If this is increasing in agent j’s action —
or Ply(a) > 0 — then her incentive to invest extra effort is higher the higher a; is. For
homogeneous technologies, agent i is the frontrunner if and only if p;(a;) > p;(a;).

Since P'(a) + P%*(a) = 1 for all a, the cross-partial derivatives must cancel out,
or PL(a) + P%(a) = 0. Hence, if one agent views actions as strategic complements
then the other views actions as strategic substitutes, and vice versa.

Dixit (1987) reasons that: “little can be said about [the cross-partial derivative]
in general. Therefore, I will consider special functional forms [the logit and probit
CSFs).” In these settings, Dixit (1987) establishes that the sign of P},(a) depends only
on whether the agent is the frontrunner or the laggard. Contrary to Dixit (1987),
I solve the problem without special functional forms. In fact, with homogeneous
technologies, a generalization follows immediately from strict NUC.

Assume that technologies are identity-independent, or F'(z;|a;) = F(x|a;), i =
1,2. Then,

Pi(a) = /F(x|aj)f(a:|ai)dm,
where the integrand F'(z|a;) f(z|a;) is the probability that agent ¢ wins contingent on
performance x, weighted by the likelihood that her performance is indeed xz. Both

factors change when the action profile changes. The change in f(x|a;) captures the

direct incentive effect of a change in agent ¢’s action. However, agent i’s incentives
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are moderated by the fact that F'(z|a;) decreases at the same time because agent j
becomes less likely to perform poorly when her action increases. The question is how
the interaction between the former incentive effect and the latter spillover effect differ
for the frontrunner and the laggard, respectively. To answer this question, note that

strict NUC is equivalent to

0 falzla)

0 for all T
9a Fy(x]a) > 0 for all x € (z,7),

meaning that
Fao(wlag) fa(wlai) > Fa(xlas) fa(z]a;) ()

if a; > a;. In other words, for any performance level z, there is “greater com-
plementarity” between a; and a; in F(x|a;)f(z|a;) than in F(z|a;)f(x|a;) whenever
a; > a;. Since this holds for all performance levels, there must be greater complemen-
tarity between a; and a; in P’(a) than in P/(a), or Piy(a) > Ply(a). It follows that
Piy(a) > 0 > PJ,(a). The argument easily extends to all homogeneous technologies.'?
Theorem 1 Consider any strict LSM contest with homogeneous technologies. Fix
any interior action profile with pi(ay) # pe(az). Then, the frontrunner views actions

as strategic complements and the laggard views actions as strategic substitutes.

3.2 The hump-shaped reaction function

By continuity, agent ¢ has at least one best response to any a; > 0 (but not necessarily
to a; = 0). Attention is henceforth restricted to contests with unique best responses.
Let b;(a;) = arg max,, u'(a) denote the reaction function, defined on (0, 00) or [0, cc)

depending on whether F'(x|0) and F?(x|0) are both degenerate or not.

Assumption A1l (Best responses) Whenever a best response exists, it is unique
and u!(b;(a;),a;) = 0 implies that u};(b;(a;),a;) < 0.

12Theorem 1 is also robust to common shocks to F*. More specifically, assume that F' takes the
form G(x;|pi(a;),n) where 7 is the realization (common to both agents) of a random variable which
is unknown when the action is taken, i = 1,2. Theorem 1 then holds as long as —F} is strictly
log-supermodular in (z;, a;) for all 7.

13Strict local concavity, or u;(b;(a;),a;) < 0, simplifies some of the proofs. Note that if b;(a;) = 0
then u!(bi(a;),a;) < 0 is possible, in which case A1 does not impose local concavity. The uniqueness
part of Al ensures that the reaction function is continuous.

14



A standard justification for Al is that ¢;(a;) is “sufficiently convex”. Section 5
pursues this type of justification. In the spirit of Rogerson’s (1985) and Jewitt’s (1988)
approach to the moral hazard problem, restrictions can alternatively be imposed on
technologies to ensure that P‘(a) is concave in a;, which in turn implies that u'(a) is
concave in a; if ¢;(a;) is weakly convex. Rogerson’s (1985) condition is satisfied in the
best-shot contest when p;(a;) is concave. See the online appendix for further details.

The problem is uninteresting if b;(a;) = 0 always. Thus, assume that the contest
is non-trivial in the sense that agents finds it optimal to actively participate in the

contest in response to at least some rival actions.

Assumption A2 (Non-trivial contests) For any ¢ = 1,2, there is some a; > 0 for
which b;(a;) > 0.

Let a}"” = sup{a;|bi(a;) > 0}, such that b;(a;) = 0 if a; > a}"”. Hence, it is the
properties of the reaction function on (0,a}"™) that is of interest.

The remainder of the subsection describes the shape of the reaction functions. It
is shown that the reaction functions in any LSM contest with fully homogeneous tech-
nologies have the iconic hump-shape that is well-known from the workhorse models.
Outside of fully homogeneous technologies, reaction functions are at least single-

peaked. That is, they are either hump-shaped or monotonic.

Definition 7 The reaction function b;(a;) is (strictly) hump-shaped on an interval
if it is first (strictly) increasing and then (strictly) decreasing on the interval. It is

(strictly) single-peaked if it is either (strictly) hump-shaped or (strictly) monotonic.

3.2.1 Homogeneous technologies

Theorem 1 implies that agent ’s reaction function is increasing when she is the
frontrunner and decreasing when she is the laggard. Other things equal, agent ¢ is
more likely to be the frontrunner when her opponent is not working hard and to
be the laggard otherwise. It is therefore intuitive that agent i’s reaction function is
first increasing and then decreasing in a;. However, there are some subtle differences
depending on whether technologies are homogeneous or fully homogeneous.
Geometrically, Theorem 1 splits the action space into two regions, neatly divided
by the increasing locus of points along which P(a) = 5 and Pjy(a) = 0. In one
region, agent i is the frontrunner and her reaction function is locally increasing. In

the other, she is the laggard and her reaction function is locally decreasing. Thus,
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Theorem 1 essentially produces a “slope field” for the reaction function. In the case
of fully homogeneous technologies, the Pi(a) = % locus starts from the origin and

diverges to infinity. One implication is that the reaction function enters both regions.

Proposition 2 Consider any strict LSM contest with fully homogeneous technologies
in which A1 and A2 hold. Then, bi(a;) > 0 on (0,a;"") and it is strictly hump-

shaped in a; on this interval.

When technologies are not fully homogeneous, the Pi(a) = L locus need not start

2
at the origin or diverge to infinity. The first implication is that the best response may
be zero on a non-degenerate interval before becoming strictly positive. The second
implication is that the reaction function may be monotonic. In this case, the agent

is either the frontrunner or the laggard everywhere along her reaction function.!*

Proposition 3 Consider any strict LSM contest with homogeneous technologies in
which A1 and A2 hold. Then, b;(a;) > 0 on an interval, and it is strictly single-

peaked in a; on the interior of this interval.

Ezample 2 (continued): Assume that pi(a;) = 2 — e~ and ps(az) = ag in the best-
shot model. Assume that c¢;(a;) = a;, @ = 1,2. The defining characteristic of this
example is that pj(a;) has limited range, [1,2), which is a proper subset of the range
of pa(az). Thus, agent 1 cannot access as many performance technologies as agent 2.

Agent 2’s reaction function is

ba(ar) = max{0, \/vs (2 — e7%1) — (2 — e_‘“)},

the properties of which depends on vy. For vy > 8, by(aq) is strictly positive always,
and globally increasing. For vy € (4,8), be(ay) is hump-shaped and always strictly
positive. For vy € (2,4), it is decreasing and always strictly positive. For vy € (1,2), it
is decreasing and becomes zero for large enough a;. For vy € (0, 1], the best response
is always zero. Figure 1(a) depicts by(ay) for ve € {3,6,9} in (aq, as) space.

Agent 1’s reaction function is

1 1
bi(az) = max{0, — In(as + 50201 +2— 5\/a2v1 (4dag + agvy + 8))}.

MTmagine as a special case that the range of the impact functions do not overlap, or p;(0) >
limg, 00 p2(az). Then, regardless of the action profile, agent 1 (2) is always the frontrunner (laggard)
and her reaction function is globally increasing (decreasing).
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Regardless of vy, the best response is zero if as is small. Indeed, if v; < 4, then
bi(ay) = 0 for all as. For higher vy, the reaction function is first increasing and then

decreasing. Figure 1(b) depicts b;(az) in (ag,a;) space when v; = 6. W

asg aq
2.57 0.5¢ |
bg((ll), for Vg — 9
2 = — — — 0.4f PL(ai,a3) =0
- P(ar,a2) =0 !
— /
1.5} - 0.3}
y s b2 (Grl), for Vo = /
17 0.2 | by (ay), for v, =6
I
ba(ar), for v, =3 o1l |
[
0 : : : : @ 0 j : : ay
0 1 2 3 4 5 0 1 2 3 4 5
(a) by(ay) for vy € {3,6,9}. (b) by (ay) for v; = 6.

Figure 1: Single-peaked reaction functions.

3.2.2 Heterogeneous technologies

Theorem 1 and the implications in Propositions 2 and 3 rely on strict NUC. The addi-
tional restriction to homogeneous technologies gives enough structure to the problem,
meaning that the MLRP is in fact not required. In the following, heterogeneous tech-
nologies are permitted, at the cost of utilizing the MLRP instead.

Proposition 1 turns out to imply that if Pjy(a) is strictly negative then it remains
so if a; decreases and/or a; increases. Thus, the action space is again split into two

regions, but the curve that does so need not be strictly increasing in the interior.

Proposition 4 Consider any LSM contest in which A1 and A2 hold. Then, b;(a;)

is single-peaked on (0, c0).

Proposition 4 does not rule out that the reaction function is flat on an interval
where the best response is positive. However, such a situation can be ruled out in
strict LSM contests. The idea is to use Chade and Swinkels’ (2020) insight that
NUC can be helpful in establishing strict quasiconcavity. In particular, —lDJ?(a) is
strictly quasiconcave in a;, with Pj,(a) > 0 whenever Pj,(a) = 0. Thus, for any a;,

Pj,(a) = 0 for at most one a;. A counterpart to Theorem 1 is now clear.
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Theorem 2 Consider any strict LSM contest. If Py(a},ay) = 0 for some interior
(a},ab), then Pjy(ay,az) > 0 (Pjy(ar,as) < 0) for all interior (a1, as) with a; > a

and a; < a; (a; < af and a; > a;) and at least one strict inequality.

Theorem 2 implies that the action space once again consists of two regions, divided
by a strictly increasing (when interior) locus of points along which P}, = 0. However,
the dividing line need not coincide with the line where P’ = % In other words, with
heterogenous technologies it is no longer necessarily the case that it is the frontrunner
(laggard) that views actions as strategic complements (substitutes). Nevertheless, the

general shape of the reaction functions are unchanged.

Proposition 5 Consider any strict LSM contest in which A1 and A2 hold. Then,
bi(aj) > 0 on an interval, and it is strictly single-peaked in a; on the interior of

this interval.

3.3 Equilibrium

A pure-strategy equilibrium is interior if both agents take strictly positive actions in
equilibrium. Given the shape of the reaction functions, it is straightforward to show
that there is at most one interior pure-strategy equilibrium when Al is satisfied.
Clearly, if A2 is violated then the contest has no interior equilibrium. Similarly, if
preferences are too asymmetric across agents, an interior equilibrium need not exist.
The agent with the stronger preferences may work so hard that she completely deters
the other agent. To illustrate, Figure 2 revisits the set-up in Figure 1. It describes how
the valuations determine the nature of the equilibrium. Finally, if there is no interior
equilibrium, then it is possible that no pure-strategy equilibrium exists at all due to

the discontinuity that arises in cases where F'(z|0) and F*(z|0) are degenerate.'®

Theorem 3 (Existence and uniqueness) Consider any strict LSM contest in which
Al holds. Then, there is at most one interior pure-strateqy Nash equilibrium. If
F(z]0) and F?(x|0) are non-degenerate, then a unique pure-strateqy equilibrium ex-

ists for any {vy, c;(+)}2_,.

5Consider the case in which F'!(z]0) and F?(x|0) are degenerate. Perturb the game by defining
some ¢ > 0 and restrict the action set to [g, 00) rather than [0, 00). It follows from Theorem 3 that
the perturbed game has a pure-strategy Nash equilibrium. Similar observations can be found in the
literature on logit CSFs. See Ewerhart (2014) and the references therein.
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a; >0,a;>0
81 P(ai.a3) > 0 > Ph(ai,a3)

Figure 2: Equilibrium properties as a function of (vq, vg).

4 Comparative statics: Homogeneous technologies

This section examines the comparative statics of strict LSM contests with homoge-
neous technologies. Technologies are held fixed and focus is on the consequences of
changes to the agents’ preferences. It is assumed that A1 holds in the original contest.

As noted by Drugov and Ryvkin (2022), it is often argued that asymmetry is
“detrimental for incentives in contests”. To evaluate this claim from the point of
view of an individual agent, consider the following question: Does an agent exert
lower effort when matched with an opponent who is different from herself?

To answer the question, assume for now that technologies are fully homogeneous.
Hence, the reaction functions reach their peak where Pi(a) = % Thus, the very
highest possible equilibrium action for agent ¢ is if the contest is such that agent ¢
wins with probability % This occurs when she is matched with an agent who has the
exact same characteristics as herself, or vy = vq, p1(-) = pa(+), and ¢;1(+) = co(+). All
else equal, if the two agents have different valuations, say, then the reaction functions

are different, and the two will not intersect at the peak of agent i’s reaction function.

Corollary 1 (Individual discouragement effect) Consider a strict LSM contest
with fully homogeneous technologies. Assume that A1 and A2 hold when agents are
symmetric. Then, an interior and symmetric pure-strateqy equilibrium exists in the
symmetric contest. Moreover, asymmetries discourage effort: When a pure-strategy
Nash Equilibrium exists, agent i’s equilibrium action is strictly lower when agent j’s

1

characteristics change in such a way that P'(a*) # 5 in equilibrium.
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To illustrate, if v; > v; then agent ¢ is competing against someone who is “stronger”.
The competitor works hard, and agent ¢ views actions as strategic substitutes. Hence,
she is discouraged. On the other hand, if v; < v;, then agent ¢ is competing against
a “weaker” opponent. This opponent works less hard and agent i views actions as
complements. Hence, agent i is not encouraged to work very hard.'6

Drugov and Ryvkin’s (2022) main focus is on the aggregate effect of asymmetry.
They begin by elucidating what they term the “standard story.” The story is that
the weaker agent works less hard, which in turn means that the stronger agent has
little incentive to work hard either. Their main objective is to clarify that the story is
true only in some contest models. However, the standard story has merit in any LSM
contests with homogeneous technologies in the sense that if the underdog becomes
even weaker, then she lowers her effort as a direct result of which the favorite — who

views actions as strategic complements — responds by working less hard as well.

Corollary 2 (Collective discouragement effect) Consider a strict LSM contest
with homogeneous technologies. Assume that A1 holds and that there is an interior
pure-strategy Nash Equilibrium in which agent i is the underdog, or p;(aj) < p;(aj).
Then, a decrease in v; causes both a; and aj to decrease as long as a pure-strategy

Nash Equilibrium exists.'”

The asymmetry between players also increases if the favorite becomes even stronger.
In this case, the favorite works even harder and in doing so she discourages her op-
ponent (who views actions as strategic substitutes). Hence, the disparity between

impacts widens. As a result, the disparity in winning probabilities widens as well.

Corollary 3 (Collective disparity effect) Consider a strict LSM contest with ho-
mogeneous technologies. Assume that A1 holds and that there is an interior pure-
strategy Nash Equilibrium in which agent i is the favorite, or pi(a;) > p;(aj). Then,
an increase in v; causes a; to increase and aj to decrease as long as a pure-strategy
Nash Equilibrium exists. The disparity in winning probabilities increases and agent i

wins even more often than before.

16 Corollary 1 does not extend beyond fully homogeneous technologies. For instance, when reaction
functions are monotonic, the agent’s equilibrium action is monotonic in the rival’s valuation.

ITA rescaling of the cost function by a constant factor is isomorphic to a change in the agent’s
valuation. More general changes in the cost function can be dealt with as well, but at greater
expositional cost. The consequences of changing the impact function is similar to the effects of
changing the cost function, since what matters to the agent is the cost of attaining a given impact.
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In summary, Corollaries 2-3 describe different adverse effects of increased asym-
metry. If the underdog becomes weaker, then both agents work less hard. If the
favorite becomes stronger, then the outcome of the contest becomes even more un-
even. These qualitative insights are robust across all LSM contests with homogeneous
technologies. In contrast, there is no robust result on whether total effort increases
or decreases when agents become more asymmetric (see Section 5.2).

The previous results demonstrate what can be inferred just from knowing who the
favorite is. The remainder of the paper considers extensions that explore the limita-
tions of this information (Section 5) and how sensitive the results are to technologies
that are either heterogeneous (Sections 6 and 7) or not log-supermodular (Section 8).

Proofs and details of various derivations are in the online appendix.

5 Robust regulation

5.1 Quasiconcave LSM contests

Assumption Al is stronger than required. It implies that agent ¢ has a unique best
response to any a;. However, not all actions are relevant. Following Siegel (2009),
let @; denote agent j’s “reach”, i.e. the action for which v; — ¢;(@;) = 0. Any action
above @; is strictly dominated by the action a; = 0. It is therefore without loss of
generality to restrict attention to the action space [0, @] x [0, a@2]. Now, the structure
of LSM contests can be used to characterize sufficient conditions that ensure u'(a)
is strictly quasiconcave in a; for any a; € (0,a;]. By the logic of Section 3, strict
quasiconcavity implies unique best responses that are single-peaked on a; € (0,a;].
As in Theorem 3, there is at most one interior pure-strategy Nash Equilibrium.
Recall that P/(a) is log-supermodular, or that 1:,—((:)) is increasing in a;. In a sense,
P'(a) becomes more convex in a; when a; increases, thus suggesting that the agent’s
utility maximization problem is less likely to be well-behaved the larger a; is. Hence,

it is sufficient to check that u'(a) is strictly quasiconcave in a; when a; = @;.

Proposition 6 Consider any LSM contest. For any fized a; € (0,a;], (i) u'(a) is
strictly quasiconcave in a; € [0,a;] and (i1) ul;(a) < 0 if ui(a) = 0 for a; € (0,a;], if
it holds that

(ZZ')

Pi(as,a;)  cj(a;)

< 0 for all a; € (0,a]. (6)
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The literature on rank-order tournaments often justifies the first-order approach
by simply assuming that the cost function is “sufficiently convex”. Thus, Proposition
6 is conceptually useful because it quantifies exactly how convex the cost function
must be in order for the contest to be well-behaved. The online appendix proves
the proposition and describes the close relationship to Chade and Swinkels’ (2020)
treatment of quasiconcavity in decision problems.!® Examples are provided in which
the limit of (6) takes a simple form as @; — co. In such cases, sufficient conditions for
quasiconcavity regardless of @; are more easily obtained. The online appendix also
argues that Proposition 6 is tight in a certain sense.

Proposition 6 defines a class of well-behaved contests. Roughly speaking, the
next application searches for worst-case scenarios within this class. If the resulting
worst-case scenario has undesirable properties, it is not because reaction functions
are unusual or because there are multiple equilibria. Strict LSM contests that satisfy

(6) for i = 1,2 are henceforth referred to as Q-LSM contests (Q for quasiconcavity).

5.2 Robust regulation with homogeneous technologies

REGULATORY INSTRUMENTS: Consider a regulator who has the authority to manip-
ulate the stakes of the contest slightly. For ease of exposition, think of regulation as
taking the form of an additional monetary bonus if the agent wins. As a consequence,
agent i’s valuation changes from v; to v; + 8,7, where 7 captures the size of the regu-
latory intervention. Thus, 7 = 0 represents the status quo or the unregulated contest.
In contrast, 3, € R represents the identity-dependent bonus. From the agent’s point
of view, 3, < 0 is isomorphic to a consolation prize worth —f, if she loses. Regulation
is said to be non-trivial if (3, 55) # 0.

The unregulated contest is assumed to have an interior pure-strategy equilibrium.
Starting from the premise that agent 2 is the underdog, regulation is said to be
exclusionary (of the favorite and to the benefit of the underdog) if 5, = 0 and 5, > 0
and for brevity said to be non-exclusionary otherwise. Note that non-exclusionary
regulation includes cases where 3; # 0 but also cases where 3, = 0 and 3, < 0.

Given (f3;, 5), agent i’s equilibrium action depends on 7 and is therefore written
as a;(7). If the unregulated contest is a Q-LSM contest then there is only one interior

pure-strategy equilibrium and the implicit function theorem can be shown to apply. A

18 Proposition 6 uses Proposition 1(7ii), which is valid only for two agents. With more agents,
Proposition 1(i7) yields a closely related sufficient condition. See Kirkegaard (2025) for details.
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primary objective of this section is to understand what predictions the regulator can
make about a(0) when he does not know all the primitives. The point of departure
is the following positive result. However, it is merely a reflection or reformulation of

the collective discouragement effect.

Corollary 4 Fixz an unregulated strict Q-LSM contest with an interior-pure strategy
equilibrium in which agent 2 is the underdog. If non-trivial and exclusionary regulation
is introduced, then a’(0) > 0 and a,(0) > 0.

Some higher authority has endowed the regulator with a set of feasible (3, 35)
pairs to choose from. For now, the regulator is not concerned with the cost of reg-
ulation. His preferences are weakly monotone in (ai,as). For instance, he may be
concerned with total effort, a; + ag, or with total output, E[X|a;] + E[Xs|as]. The
latter raises an interesting point. If the regulator does not know technologies or ac-
tions, then he has no way of computing E[X;|a;]. Nevertheless, Corollary 4 says that
he does not have to, at least as long as he can identify the underdog and is confident
that the contest is a Q-LSM contest. For any weakly monotone preference relation,
non-trivial and exclusionary regulation is a safe bet that is guaranteed to increase the
regulator’s payoff. Similarly, the regulator may need approval from a committee of
members with different preferences. As long as all members have weakly monotone
preferences, none will veto non-trivial and exclusionary regulation in favor of the

status quo. The regulator is next endowed with some limited information.

INFORMATION BASED ON PAST CONTEST DATA: To be generous, assume that the
regulator knows the technology, F'(-|-). For instance, he may have the engineering
expertise to understand what it feasible for agents. The problems identified in the
following are of course only greater if the regulator does not know the technology. He
does not, know preferences, {v;, ¢;(*)}2_;.

The regulator has observed performance over a long sequence of past unregulated
contests. Thus, he knows the equilibrium performance distributions, X7 and Xj.
Equilibrium actions can then be inferred from X* ~ F(:|a}), i = 1,2. The agents’
first-order conditions further enables the regulator to infer ¢}(a})/v;.

Agent i’s response to regulation depends, among other things, on how sensitive
her marginal costs are. The problem is that the regulator does not know ¢/ (a}). Even

if it is assumed that the regulator believes, or is willing to assume, that the contest
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is a Q-LSM contest, (6) at best only provides a bound on /(a}).!? This bound is
not sufficiently informative or tight to be of much use. Stated differently, for any
non-trivial and non-exclusionary regulation, adversarial nature can find preferences

such that the contest is a Q-LSM contest and one or both agents work less hard.

Proposition 7 Fiz homogenous technologies that satisfy strict MLRP and strict
NUC. Fiz an interior action profile, a*, for which P*(a*) > + > P*(a*). Fiz some
non-trivial and non-exclusionary requlation. Then, there are preferences {v;, c;(+)}2,
such that: (i) the contest is a Q-LSM contest, (ii) a* is the unique interior pure-

strategqy equilibrium when 7 = 0 and (iii) either a’(0) < 0 or a5(0) < 0, or both.

Building on the environment in Proposition 7, assume next that the regulator’s
preferences can be represented by a payoff function, m(a,as), with strictly positive
partial derivatives. For any such payoff function, there is a Q-LSM contest in which

non-trivial and non-exclusionary regulation backfires.?’

Proposition 8 Fix a payoff function, w(-,-). Fizr some non-trivial and non-exclusionary

requlation. Among the preferences identified in Proposition 7, there are some for which

Om(ax(7), az(7))
or

|T:0 < 0.

Ezample 3 (Robustness and the aggregate discouragement effect): Consider a best-
shot contest with p;(a;) = a; and assume that aj > a3 > 0. Assume marginal costs
are constant and denoted c¢; and ¢y, respectively. Expected payoff is strictly concave
and the contest is therefore trivially a Q-LSM contest. It can be shown that @/ (0) > 0
and a4(0) > 0 if and only if

2a7 ac a; — asaj ¢y
62>0and * 1*_1_62>61>_ : *2_1_
aj — asas ca 2a5 a3 cy

By (7)

For any 3, > 0 and (3, # 0, it is possible to find E—; small enough that the condition is

violated. The freedom to change c; comes from the fact that only  is pinned down

YEven when evaluated at af, (6) depends on agent j’s unknown reach. A challenge in the proofs
is that reaches are moving targets that change jointly with cost functions and valuations.

20Tn contrast, assume the objective is to increase the underdog’s chance of winning, P?(a). This
objective is not monotone. However, similar arguments to those in Corollary 4 and Proposition 8
reveal that the only robust regulation that guarantees an improvement in P?(a) consists of exclusively
discouraging the favorite, or 8; < 0 and 8, = 0. The intuition relies on the collective disparity effect
the same way that Corollary 4 relies on the collective discouragement effect.
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by the data. Thus, as predicted by Proposition 7, there are preferences — specifically
some involving linear cost functions — such that any non-trivial and non-exclusionary
regulation discourages at least one agent.

To illustrate the next point, assume that ¢; = co. Since aj > aj, valuations
satisfy v; > v9. Assuming that v; > vy and ¢; = ¢ is the most common way to

model a situation where agent 1 is the “strong” agent and agent 2 the

weak” agent.
Assume that the regulator is concerned with total effort, or 7(ay,as) = a3 + as. Let
(B4, B3) = (—1,1), such that the adjusted valuations of the two agents, v; + ;7 and
vy + B,7, move closer together when 7 increases and further apart when 7 decreases.
The average valuation stays constant. It can be verified that m(a1(7), as(7)) is locally
increasing in 7 around 7 = 0. This is an expression of an aggregate discouragement
effect: total effort is higher when the two agents are more alike.

Proposition 8 reveals that the aggregate discouragement effect is not robust even in
the context of best-shot (or lottery) contests. Change the cost functions to ¢i(a1) = a4
and c¢y(as) = a5, k > 1. Assume that (af,a3) = (2,1), implying that (vy,vs) =
(9,4.5). Then, the aggregate discouragement effect is reversed around 7 = 0 if & > 2.5,
i.e. if co(+) is sufficiently convex. Ryvkin (2013) makes a similar point but by using
a different argument. His approach is based on postulating a parameterized model
of costs and approximating equilibrium near symmetry. In contrast, the proof of
Proposition 8 more directly reveals what it takes to backwards engineer examples

that overturn the aggregate discouragement effect. A

INFORMATION ABOUT VALUATIONS: Assume that the regulator in addition to the
above information also knows valuations, v; and vs. This may be a reasonable as-
sumption is contests where prizes are exclusively monetary and there is no intrinsic
motivation. Since the regulator can infer ¢}(a})/v;, he can now compute ¢ (af). The
proof of Proposition 7 carries through but the proof of Proposition 8 does not.?! Thus,
there may be payoff functions for which non-exclusionary regulation is beneficial.
On the other hand, Proposition 7 implies that there are always weakly monotone
preferences for the regulator for which non-trivial and non-exclusionary regulation
backfires. Consider for instance the set of preference relations represented by (i)
the payoff functions min{a;,as} and max{a;,as} respectively, or by (ii) the two

lexicographic orders over (a1, as). In either set, there is at least one preference relation

21The discussion of (7) may seem to suggest that Proposition 7 fails if valuations are known.
However, (7) fixes the cost structure (constant marginal costs), which Proposition 7 does not.
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such that the regulator is made worse off. By extension, if the regulator does not know
committee members’ preferences, then there is always the possibility that a committee
member will veto any given non-trivial and non-exclusionary regulation.

The regulator has been endowed with detailed information about technologies.

The next example considers an alternative information regime.

Ezample 4 (Raising the stakes may lower aggregate effort): Assume the regulator
know valuations, v; and vq, as well as equilibrium winning probabilities, ¢; and ¢3,
respectively. Assume ¢; > ¢5. The regulator knows nothing else. He has not observed
past performance date and therefore does not know Xj and X;.

As in Example 3, 7(aq,as) = a1 + as. It is straightforward to construct example
where regulation lowers the objective if 8, and/or (3, is negative. Hence, assume that
B, > 0 and S, > 0. That is, the stakes of the contest increase for both agents.

Unbeknownst to the regulator, the contest is a best-shot contest with identity-
independent impact function p(-). Winning probabilities then nail down p(a})/p(ab).
However, neither the action profile nor the slope of the impact function are pinned
down. For any impact function, there exist cost functions such that (i) the contest is

a Q-LSM contest and (i7) Mhzo is arbitrarily close to??

S = (Pg(a*)ﬁﬂl - Pll(a*)ﬁﬂb) P112(a*)
(p (%)527)1 _P (al)ﬁﬂb) QIQ;P112<3*)‘

5 p(ay)

p(a3)
Note that S can be made negative by manipulating p/(-)/p(-). Hence, there exists a
Q-LSM contest such that aggregate effort decreases. A

THE COST OF REGULATION: The cost of regulation has so far been ignored. Start
by assuming that 3;, 5, > 0. Since someone wins the contest, the cost of regulation
is at least min{f,, 3,}7. However, there is no guarantee that both agents will work
harder. Now replace 5, and [, with Bl = 0 and BQ = min{f3,, 3, }, respectively.
The new regulation is not only cheaper as it costs at most min{j;, 5,}7, it is also
guaranteed to entice both agents to work harder (for small 7). Hence, the regulator
can respect an exogenous budget constraint while guaranteeing that m(ay, as) strictly
increases. Assume next that 5, > 0 > (; and that the interpretation of 3, is that

agent 1 receives a consolation prize if he loses. Then, the regulator pays (8, — 1) T

22 Properties (i) and (ii) are established as part of the proof of Propositions 7 and 8, respectively.
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if agent 2 wins and nothing if agent 1 wins. By changing 3, to zero, the budget
constraint is easier to satisfy and m(a;, ay) is guaranteed to strictly increase. Similar
arguments apply to the remaining cases.

There are also cases where regulation is self-financed or the cost is borne by
contestants. Assume that 5, = 3, = § > 0. One interpretation is that the loser pays
the winner of say a court case an additional % [B7. The prize spread then increases by
precisely 57. Another interpretation of 5, > 0 (5, < 0) is that the loser (winner) is
forced to pay a fee of 3,7 to the regulator. Finally, there are cases where regulation is
non-monetary. For instance, 3, > 0 may reflect higher praise and status if the agent
wins. Similarly, 3; < 0 may represent a consolation prize to the loser of a promotion

contest consisting of a better job title but no added responsibilities or remuneration.

6 Heterogeneous technologies and ordered contests

The collective discouragement and disparity effects may fail when technologies are
heterogeneous. The reason is that the link between who views actions as comple-
ments and who is the favorite generally breaks down. This section identifies sufficient
conditions for reestablishing the link and recovering the usual comparative statics. In
the process, the interacting forces that are at play — and the coincidence of factors
that are required — are clarified. Section 7 contains more specific models that make
use of these results and spells out the relationship with the sparse existing literature.

To begin, the interaction between technologies and preferences means that any set

of sufficient condition must address both dimensions of the agents’ characteristics.

Definition 8 (Ordered LSM contests) Technologies are ordered if (11 )—(73) hold

and preference are ordered if (Py) holds, where:

(T1) Iéll((ﬁzll)) > IJ;Z((Z"ZZ)) for all x € (z,T) when a; = as > 0,

(73) 1%((2“211)) > gg(é"zz)) for all x € (z,T) when a; = as > 0,

(13) _flf%iﬂ‘ﬁ) > _fi“iiﬂg) for all z € (z,T) when a; = ay > 0, and

(P1) v1 > ve and ¢\ (a1) < cy(az) when a; = ay > 0.
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A contest is an ordered LSM contests if it is a strict LSM contest and (1, )—(73) and
(P1) hold. 1t is a strictly ordered LSM contest if, moreover, (i) the inequalities in (1)
and (T3) are strict and/or if (i1) any of the inequalities in (T3) and (Py) are strict.”

To illustrate, consider the case of homogeneous technologies, F'(x;|a;) = G(z;|pi(a;)).
Assume that agent 1 is more productive than agent 2, or p;(a) > pa(a). Then, MLRP
implies (7;) and NUC implies (7). To interpret (73), assume that the model is ini-
tially normalized such that the cost functions are identity-independent. From here,
renormalizing the problem to make impacts the choice variable amounts to making
the cost functions identity-dependent. If (73) holds in the first normalization, then
agent 1 has lower marginal costs in the second. That is, (73) is tied to incentives.
However, the aim is to examine contests with heterogeneous technologies. In such
contests, the aforementioned renormalization is meaningless since agents generally
cannot reproduce the performance distribution of their rival.

The analysis proceeds in two steps, first pairing (77) and (73) and then (73) and
(P;). Property (77) says that agent 1 has a more productive performance technology
than agent 2 in the sense of reverse hazard rate dominance. Thus, agent 1 is the
frontrunner if a; > as. Property (73) implies that agent 1’s return to effort is more
sensitive to the performance level, or aln%;Fal) > aln(a;F‘g) , which in turn means that
it is related to NUC. In fact, by combining (73) and strict NUC,

fala) _ fela) L fA(x]an)
Fi(zlar) ~ Flalaz) © F2(z]as)

(8)

when a; > ay. Note that (8) yields a counterpart to (5). The next lemma records the
implications of (77) and (73).

Lemma 1 In any strict LSM contest that satisfies (7:) and (T3), agent 1 is the
frontrunner and views actions as strategic complements if a1 > ay > 0. The same

conclusion holds if the inequalities in (1) and (13) are strict and ay > as > 0.

Intuitively, a; > as arises in equilibrium when agent 1 has “stronger incentives”
than agent 2. However, incentives are determined by two factors, namely how respon-

sive the performance technology is to the agent’s action and how strong the agent’s

23To be precise, condition (i) holds if the inequalities in (7;) and (73) are replaced with strict
inequalities for all z € (z,T) and condition (¢¢) under analogous circumstances.
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preferences are. In (73), note that % can be interpreted as agent i’s return to
effort at any given performance level, relative to how likely that performance level
is. Thus, (73) says that agent 1’s technology rewards extra effort more than agent
2’s technology does. Similarly, (P;) ranks agents’ preferences at comparable actions.
Thus, (73) and (P;) are used in tandem to rank incentives locally at a; = as. Quasi-

concavity is then invoked to compare a; and ay globally.

Lemma 2 Consider any contest that satisfies (T3) and (Py) and in which A1 holds
and u'(a) is quasiconcave in a;, i = 1,2. Assume that there is an interior equilibrium.

Then, a} > a%, with a} > a} if any of the inequalities in (T3) and (Py) are strict.

The two lemmata re-connect the identity of the favorite (underdog) with the

identity of the agent who considers actions to be complements (substitutes).

Theorem 4 Consider any strictly ordered LSM contest in which A1 holds and u'(a)
18 quasiconcave in a;, 1 = 1,2. Assume that there is an interior equilibrium. Then,

the favorite views actions as complements.

Thus, the arguments and intuition that lead to Corollaries 2—4 applies to the

contests described in Theorem 4.%4

Corollary 5 The collective discouragement and disparity effects hold in any ordered
LSM contest that satisfies the properties in Theorem 4. If non-trivial and exclusionary

regulation is introduced into such a contest, then a}(0) > 0 and a4(0) > 0.

For an example, consider a generalized version of the best-shot contest in which
F'(x|a;) = H;(x)%. Assume that H; and H, follow different exponential distributions.
If H, has a greater scale parameter than Hs, then technologies are ordered.?’ Payoffs
are quasiconcave if the cost functions are weakly convex. Hence, Theorem 4 and

Corollary 5 apply as long as preferences are ordered and an interior equilibrium exists.

24The results in Propositions 7-8 are negative results and are in any case established under
the stronger assumption that technologies are homogenous. Thus, a counterpart to heterogeneous
technologies is not provided. A technical difficulty is that (P;) removes some degrees of freedom on
the set of admissible preferences.

25More generally, (77) and (73) are satisfied if H; dominates Hs in terms of the reverse hazard.
In Hy (z)

Property (73) is more demanding but holds if (o)

is increasing.
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7 Homogeneous production functions

When it comes to heterogeneous technologies, the closest related paper is Bastani,
Giebe, and Giirtler (2022, henceforth BGG). It turns out that their model is an
ideal point of departure, or benchmark, for understanding the incentive effects of the
technologies and to get to grips with (73).

BGG use the state-space approach. They assume the existence of a homogeneous
or identity-independent production function, 7(g;, a;). Heterogeneity comes from the
fact that the (univariate) noise terms, ¢;, follow identity-dependent distributions,
Qi(g;), 1 = 1,2. To conform to the notion of stochastic contests in the current paper,
assume that 7(e;, a;) is strictly increasing in both arguments when (g;, a;) is interior
and that the range of 7 (-, a;) is the same for all a; > 0. The set-up can be translated in
such a way that the Mirrlees approach can be utilized. However, stronger assumptions
are required in order to apply some of the results in the previous section. Thus, write
Q1 > Q2 (Q1 > Q2) to mean that @y (strictly) dominates Q2 in terms of the

likelihood-ratio. That is, g—; is (strictly) increasing, where ¢; is the density of ¢;.

Proposition 9 (Univariate BGG contests) The BGG contest satisfies (13) with
equality. In comparison, (1T3) is satisfied if and only if Q1 > Qo, in which case (1)
1s also satisfied. Thus, technologies are ordered if and only if Q1 > Q.

There are two limitations to BGG’s set-up. First, they assume preferences are
homogeneous. Thus, both (P;) and (73) hold with equality, which explains their
main result that aj = a irrespective of how (); and (), are related. However, com-
bining Proposition 9 with Theorem 4 makes it possible to allow for heterogeneous
preferences, in exchange for likelihood-ratio dominance. In particular, the collective
discouragement and disparity effects apply whenever the conditions in Proposition 9
are satisfied and any of the inequalities in (P;) are strict.?

On the other hand, the conventional wisdom may be overturned when preferences
are not ordered. The companion paper, Kirkegaard (2026), illustrates this fact in a
tractable model in which noise is multiplicative and €; and &5 follow different gamma
distributions. The model also allows comparative statics with respect to changes in
the technologies (captured by changes in the shape parameters of the gamma distrib-

utions). Thus, the interaction between heterogeneous technologies and heterogeneous

26 Quasiconcave payoffs, MLRP, and NUC are also required to invoke Theorem 4. Note that in
the state-space formulation, MLRP and NUC involve joint assumptions on 7 (e;, a;) and Q;(e;).
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preferences is examined. Kirkegaard (2026) moreover demonstrates the point that
heterogeneous technologies may overturn the conventional wisdom on biases in con-
tests. In particular, in contests that are not ordered, it is optimal for a designer to
favor the favorite when the favorite views actions as strategic substitutes.

The second limitation inherent in BGG, and the literature on rank-order tourna-
ments more generally, is that noise is univariate. Extending their framework, assume
instead that there are two sources of noise and that the identity-independent produc-
tion function is

7T(€z', 91‘, CL,L') = Ojiei + E;-

Both 6; and ¢; are stochastic (and independent), with support [0,00). Thus, in the
bivariate contest, agent i’s performance is the convolution of two random variables,
a;0; and £;.2" Let g; and h; denote the density of #; and ¢;, respectively, and assume
both are log-concave. The distribution functions are denoted G; and H;, respectively.
The distribution of a;6; is G;(37). Assume its density, ai 9i(3), is log-supermodular.

Once again, likelihood-ratio dominance plays an important role. However, the

main point is that while (77) and (73) are satisfied, (73) is much more sensitive.

Proposition 10 (Bivariate contests) The bivariate contest is a LSM contest. If
G1 > Go and Hy >, Hy then (T,) and (13) are satisfied and Fy >, Fy when a; = as.
Moreover, (i) (73) holds with strict inequality if G1 > Gy and Hy = Ho, but (ii) the
reverse of (13) holds if Hy >, Hy and Gh = Gs.

Assume that preferences are homogeneous. The purpose is to isolate the role of
technologies in shaping incentives. The two special cases at the end of the proposition
help build intuition for which agent works hardest in equilibrium. In the first case,
agent 1 has stronger incentives. The contest is polluted with random noise from &,
and e9, which entices agents to pay more attention to the part of their performance
that they can influence. Thus, agent 1’s stronger incentives come from the fact that
an increase in a; is more likely to have a large impact on performance, which in turn
makes her more likely to overcome any advantage that agent 2 might randomly have

earned from a high realization of 5. Agent 2 can bet on e5 for a chance to win.

2"The bivariate model illustrates the parsimonious character of the Mirrlees approach. The agent
ultimately cares about the distribution of her performance, and how her action changes it. These
characteristics are directly captured in the distribution function that the Mirrlees approach relies
on. Whether there is one or more source of noise in the background is not important per se.

31



In the second case, agent 2 has stronger incentives. The reason is that she is less
likely to benefit from random additive noise. She is therefore forced to bet on a6 in
her pursuit of a good performance, increasing her incentives.

In summary, the bivariate model cautions that the agent with the more productive
technology may or may not work harder than the agent with the less productive
technology. In either case, the intuition and conclusion is different from BGG because

their setting lacks any interaction or substitutability between different sources of noise.

8 Log-submodular returns to effort

Assume again that technologies are homogeneous. Theorem 1 relies critically on NUC.
If —F! is log-submodular, then Theorem 1 is reversed and reactions functions are u-
shaped. Both agents respond by working harder if the favorite becomes stronger,
contrary to what the collective disparity effect would suggest. Thus, received wisdom
can be overturned outside log-supermodular contests.

However, recall that Theorem 1 assumes that the support is the same for all
interior actions. The online appendix considers a modification where the support
shifts towards the right (to be consistent with first-order stochastic dominance) when
the action increases. This modification works in the direction of making the favorite
view actions as strategic complements. In other words, the conclusion in Theorem 1
may survive even in some log-submodular contests.?®

The contest in Kirkegaard (2025) features log-modular returns to effort on a fixed
support. Reaction functions are horizontal in the two-agent case. That is, equilibrium
is in dominant strategies. Kirkegaard (2025) considers the many-agent case and allows

for (multivariate) incomplete information.?’

9 Conclusion

The outsider who is hoping to predict comparative statics or propose robust regula-

tion would like to know which agent views actions as strategic complements. In the

2 Drugov and Ryvkin (2020) and Drugov, Ryvkin, and Zhang (2024) consider rank-order tour-
naments in which the support may shift with the action. In their leading example, f* and —F! are
log-submodular, yet it turns out that the conclusion of Theorem 1 applies also to that example.

29Gee Krikel (2010) and Giirtler and Krikel (2012) for applications of the log-modular model
with two agents or teams.
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standard approach — which implicitly assumes homogeneous technologies — the happy
coincidence is that this happens to be the agent who is the favorite. When preferences
are ordered, the favorite is in turn the strong agent, i.e. the agent with the stronger
preferences. Thus, relying on workhorse models implies a risk of confounding impor-
tant concepts. It is easy to lay down a model with agents with stronger and weaker
preferences, but the empirically more relevant distinction is arguably between which
agent is the favorite and which is the underdog. The question is then under what
circumstances it is sufficient to be able to identify the favorite and the underdog?

I show that as long as technologies are homogenous and belong to a large fam-
ily, the favorite indeed views actions as strategic complements. The outsider need
not know the details of either the technology or preferences to make this inference.
The economic driver is the complementarity property embodied in log-supermodular
technologies. The approach and resulting insights generalize the workhorse models
and clarify what drives some of their key predictions.

Things are more complicated when technologies are heterogeneous. There are now
two potential reasons why one particular agent has emerged as the favorite. She may
have a stronger technology or stronger preferences, or both. In other words, there are
more dimensions to what it means to be a strong agent. I show that the outsider can
once again infer that the favorite views actions as strategic complements provided
the former believes that the latter is stronger along both dimensions. If so, the finer
details once again do not matter.

The application to robust regulation begins by exploiting the structure shared
by all LSM contests. This structure makes it possible to describe fairly tightly and
very succinctly when the combination of technologies and preferences is such that
the contest has well-behaved reaction functions (Proposition 6). In contrast, recall
that the standard approach to Tullock contests tend to rely on specific cost functions
that permit closed-form solutions. These cost functions are implicitly selected for
tractability at the possible cost of robustness. The results in Section 5 backs up
this concern and an example shows that such celebrated results as the aggregate
discouragement effect is sensitive to how preferences are modelled. Proposition 6
makes it possible to search on a much larger set of contests without having to pin
down equilibrium in closed form. It is hoped that such understanding may enlarge

the scope, and robustness, of research questions that can be pursued in the future.
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Appendix A: Proofs (Sections 2—4)

Proof of Proposition 1. Asin Athey (2002), two important properties are used re-
peatedly. First, the product of log-supermodular functions is itself log-supermodular.
Second, log-supermodularity is preserved under integration. In particular, let z =
(z,a) and think of = as a variable and a as parameters. Then, if #(z) or ¢(z,a) is
log-supermodular in (z,a), the function T'(a) = [ #(z,a)dx is log-supermodular in a.

In LSM contests, when a € (0,00)? the integrand in (2) is log-supermodular
in (z,a) since it is the product of log-supermodular functions. Then, since log-
supermodularity is preserved under integration, P’(a) is log-supermodular in a on
(0,00)2. Note that this conclusion relies only on the MLRP.

Next, note that Pj(a) < 0 for j # i when a € (0,00)%. That is, agent i is less

likely to win when agent j works harder. For j # i, consider then

~Pi@) = [ (~Filalay)f (o).

By the MLRP and NUC, the integrand is again log-supermodular in (z,a). Hence,
i(a) i : 2
—Pj(a) is log-supermodular in a on (0, c0)*.
Finally, consider the derivative with respect to a;. Since winning probabilities
sum to one, or Pi(a) = 1 — P/(a), it follows that P/(a) = —P/(a). Hence, P/(a) is

log-supermodular functions. m

Proof of Theorem 1. Note that
Pifa) = [ Filalay)filala)ds

where j # i is agent i’s competitor. For expositional clarity, consider first the case

where technologies are identity-dependent, or F(z|a) = F7(x|a) = F(x|a). Then,

Piy(a) = /Fa($|aj)fa(x|ai)dx.

Assume strict NUC is satisfied, i.e. that —F), is strictly log-supermodular. Then, for

any interior action,
0 falz]a)
da F,(z|a)

Thus, for any interior action profile for which agent 7 is the frontrunner, or a; > a;,

> 0 for all x € (z,T).
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it must hold that
fa(zlai) _ fa(z|ay)
Fa(x|ai) Fa<$|aj)

for all z € (z,7), 9)

or
Fo(z|aj) fa(z|a;) > Fy(x|a;) fo(z|a;) for all x € (z,7).

Hence, P,(a) > P/,(a), which in turn implies that Py(a) > 0 and PJ,(a) < 0. Thus,
in any strict LSM contest with identity-independent technologies, the agent who is
the frontrunner (laggard) views actions as strategic complements (substitutes). The
argument holds for all strict LSM contests with homogeneous technologies because,
as explained previously, different impact functions amount to different cost functions,
and the cost functions are irrelevant to the argument.

More formally, for homogeneous contests, or F'(z;|a;) = G(xi|pi(a;)), i = 1,2, it
holds that

Pha) = (e (@) [ Gulalpy(a))uelpi(en)is

Strict NUC means that —F(x;|a;) = —G,(z:|pi(a;))p;(a;) is strictly log-supermodular,
which is equivalent to strict log-supermodularity of —G,(z;|p;(a;)). Hence, for any

interior action,
9 gp(z|pi(ai))
Ipi Gp(x|pi(ai))

Agent i is the frontrunner if p;(a;) > p;(a;), in which case

>0 for all z € (z,7).

gp(@lpi(ar)) - gp(zIpi(ay))

Gp(zlpi(ai) ~ Gp(zlps(ay))

for all z € (z,7),

and the rest of the proof is the same as before. m

Proof of Proposition 2. Let 7;(a;) denote the a; value for which P'(a) = 3, as a
function of a;. In other words, 7;(a;) = p; '(p;(a;)) describes the curve along which
the impacts are the same and along which the agents win with equal probability.
Since p; and p; are strictly increasing functions with the same range, 7;(a;) is strictly
increasing and satisfies 7;(0) = 0 and 7;(a;) — oo as a; — .

If the best response to a; is interior, it must satisfy the first order condition that
vi P (bi(ay), a;) — ci(bi(az)) = 0.
By Assumption Al, it then holds that the second-order condition holds in a strict
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SenSG, or
ug; (bi(ay), a;) = viP(bi(a;), a;) — ¢ (bi(ay)) < 0.

Consider now a marginal change in a;. The first-order condition implies that

Uz'Pﬁ(bz'(aj), a;)

—ug; (bi(ay), a;)

bi(a;) =

has the same sign as Pjy(b;(a;),a;). Thus, if Pj, > 0 — or, by Theorem 1, b;(a;) >
7i(a;) — then b}(a;) > 0. Similarly, if P}, < 0, or b;(a;) > 7;(a;), then b}(a;) < 0. In
words, if b;(a;) is above (below) 7;(a;) for some a; > 0, then the reaction function must
be locally increasing (decreasing) because agent i considers actions to be strategic
complements (substitutes), by Theorem 1. Finally, if P, = 0, or b;(a;) = 7:(a;), then
bi(a;) = 0. Thus, there can be at most one interior point at which b;(a;) intersects
the strictly increasing 7;(a;) function.

At the same time, there must be some interior a; value for which b;(a;) = 7;(a;).
By contradiction, assume there is no such value, or in other words that b;(a;) is always
either strictly above or strictly below 7;(a;). Now, assume that b;(a}) > 7;(a}) > 0
for some @’ and consider a; > aj. If bi(a;) > 74(a;) for all a; > a}, then b;(a;) — oo
as a; — 0o because 7;(a;) — oo as a; — oo. However, this contradicts the fact
that the best response is bounded above by @; < co. Thus, b;(a;) must intersect the
7i(a;) curve to the right of a);. This argument also implies that there must be some a;
value for which b;(a;) < 7;(a;). However, b;(a;) cannot be always below 7;(a;) either.
If 0 < bi(aj) < 7i(aj) for some a7, then b;(a;) increases as a; is reduced. Hence,
bi(a;) must intersect the 7;(a;) curve to the left of a7. This intersection is guaranteed
because 7,(0) = 0 and 7;(a;) is an increasing function. In conclusion, there exists
precisely one interior a; value, @; for which b;(a;) = 7;(a;).

Finally, b;(a;) > 7;(a;) for all a; < @; implies that b;(a;) > 0 for all a; € (0,a;).
Along with the hump-shape of the reaction function, this implies that if b;(a}) > 0
then b;(a;) > 0 for all a; € (0,a}). In other words, b;(a;) > 0 on an interval of a;
values. The last part of the proposition follows from Theorem 1 and the fact that

b;(aj) > 7i(a;) on the increasing part and b;(a;) < 7;(a;) on the decreasing part. m

Proof of Proposition 3. When technologies are homogeneous but not fully ho-
mogeneous, 7;(a;) need not be defined for all a; and, if it is, its range need not be

[0,00). Nevertheless, the first steps of the proof of Proposition 2 still apply. Thus, if
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Pjy > 0 then b}(a;) > 0 and if P}, < 0 then b;(a;) < 0. Likewise, there is at most one
a; value for which b;(a;) = 7:(a;).

If there is a point at which b;(a;) = 7;(a;), then the reaction function is strictly
single-peaked whenever the best-response is strictly positive, by the same argument
as in Proposition 2. If there is no such point, then it is because either P}, > 0 or
P}, < 0 everywhere along the reaction function, but in this case the reaction function
is strictly monotonic whenever the best response is strictly positive.

If the reaction function is decreasing, then it is still the case that b;(a;) > 0 on
(0,a5™). To see this, P{, < 0 along the reaction function if the reaction function is
decreasing. Hence, bj(a;) < 0. Then, b;(a;) increases as a; decreases, which means
that it must remain strictly positive.

If the reaction function is increasing, then P}, > 0 along the reaction function.
Since b;(a;) decreases as a; decreases, it may therefore become zero for small values of
a;. This is possible when P}, > 0 or P* > % near the origin (see the example following
the proposition). Once it has become zero in this manner, it cannot become strictly
positive for smaller but strictly positive values of a;. The reason is that Pj, > 0
would hold at such a point, implying that b; is increasing, but this contradiction the
property that b; is zero for larger a;.

If the reaction function is non-monotonic, then it is increasing on an interval, in
which case the same argument as in the previous paragraph implies that b;(a;) may
be zero for small a; values.

The last part of the proposition follows the same logic as in Proposition 2. m

Proof of Proposition 4. For two-agent LSM contests, Proposition 1 reveals

that P/(a) is log-supermodular in a on (0,00)% Hence, Ijjz_f(s) is weakly increasing
in a;. The implication is that if Pjy(a) < 0 then it remains strictly negative as a;
P fz (a)

decreases, holding a; fixed. Similarly, since —Pj(a) is log-supermodular, Pl is
weakly increasing in a;. As Pj(a) < 0, it follows that if P{,(a) < 0 then it remains
strictly negative as a; increases, holding a; fixed. In sum, if P/y(a) < 0 then this is
also the case as a; decreases or a; increases. Thus, if V}(a;) < 0 for some a;, then not
only is Pjy(a) < 0, it is also the case that b;(a;) decreases in a;, thus moving the best
response further into the region where Pjy(a) < 0. Hence, once j(a;) < 0, the best
response keeps decreasing as a; increases further. Hence, b;(a;) is either monotonic
or it is first increasing and then decreasing. =

The proof of Theorem 2 relies on the following lemma.
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Lemma 3 Consider a distribution function F'(z|a;) that satisfies strict NUC and a
differentiable function v(x) that is strictly quasiconcave and has at most one interior

stationary point. Then,
Via) = [ @) f (alods

is strictly quasiconcave in a;, with V" (a;) < 0 whenever V'(a;) = 0. As an application,
in any strict LSM contest with two agents, —Pji(a) is strictly quasiconcave in a;, with
—P}5(a) < 0 whenever —Pjy(a) =0

Proof of Lemma 3. Using integration by parts,

Vie) = [ (~v@Fiala) ds
/

<—v’(m)%) f(zla;)dx

and
Vi) = [ () P (el

= [(ofees) el

By strict NUC, the term % is strictly increasing in z. The expectation of

the term —v’ (I)% is zero at any stationary point, i.e. whenever V’'(a;) = 0.
For interior x, the sign of the term is determined by v'(z). Since v(z) is strictly

quasiconcave and has at most one interior stationary point, either (i) v'(z) < 0 or
v'(z) > 0 almost always, or (i) it is first strictly positive and then strictly negative. In
case (1), V'(a;) is either strictly positive or strictly negative, meaning that is is strictly

quasiconcave. In case (i7), v'(x) strictly single-crosses zero from above, which in turn
Fy(w|ai)
fi(@lai)
Chade and Swinkels (2020, Proposition 4), a version of Beesack’s inequality can now

strictly single-crosses zero from above on the interior. As in

means that —v'(x)

be invoked: If h(z) is a function that strictly single-crosses zero from above and ¢(z)
is a strictly increasing function, then the expectation of h(x)q(z) is strictly negative
when the expectation of h(z) is zero. This result can be verified using integration
by parts. Letting h(z) = —U’(:E)% and ¢(x) = %, the conclusion is that
V"(a;) < 0 whenever V'(a;) < 0. Hence, V(a;) has at most one stationary point,
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and this stationary point (if it exists) must be a maximum. Hence, V'(a;) is strictly
quasiconcave.

For the application mentioned in the lemma, —P}(a) is

~Pi@) = [(~Fi(ela)) (el

and strict MLRP implies that —F7(z|a;) has the same properties as v(z) in the
lemma. To see this, note that
OFilalos) __filalay) 1y
Oz [ (xlay) !
is first strictly positive and then strictly negative on (x,7). Hence, —Pji(a) is strictly
quasiconcave in a; in any strict LSM contest, with —Pjj,(a) < 0 whenever — P}, (a) =

0. Thus, for any a;, P{y(a) = 0 for at most one a;. m

Proof of Theorem 2. Consider some interior (a},a}) for which Pjy(a},ab) = 0.
Then, P},(a},ay) > 0, by Lemma 3, and it follows that Pj,(ay,a}) > 0 when a; > d.
By a similar argument, Pju(a’l, a) > 0, meaning that Pl,(a},as) < 0 when a; < aj
and therefore that Pf,(a}, az) > 0 when a; < a). As mentioned already, once P}, > 0
it remains strictly positive as a; increases further. This proves that Piy(a1,as) > 0
for all interior (a4, az) with a; > @} and a; < a; and at least one strict inequality. The
other part is proven in a similar manner.

To see more directly that the locus of points in question is increasing, let x;(a;)
denote the a; value (when it exists) for which Pjy(k;(a;),a;) = 0. When k;(a;) is

interior, implicit differentiation implies that

_]3}12(’%(%)’@]‘) o ngm(’ﬁi(aj)ﬂj)

: = = > 0.
PZm(“z‘(aa‘)v aj) wa("?i(aj% aj)

Ki(a;) =
||

Proof of Proposition 5. By the usual arguments, if Pj, > 0 then b}(a;) > 0 and
if Pj, < 0 then b/(a;) < 0. The latter implies that if the reaction function is in the
region where P/, < 0, then it remains in that region. In other words, once b;(a;) is
below x;(a;), defined in the proof of Theorem 2, it remains below x;(a;). Thus, b;(a;)

can cross k;(a;) at most once and, if it does, the crossing must be from above. It is
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not necessary to prove that there is at most one a; value for which b;(a;) = k;(q;).
For instance, if the two functions “touch” m > 1 times (they could also coincide on an
interval), then they must be tangent in at least the first m — 1 of those instances.?® In
those cases, however, b;(a;) = x}(a;) > 0, so it remains the case that b;(a;) is strictly
increasing until it crosses «;(a;). The proof that b;(a;) > 0 on an interval is the same

as in Proposition 3. m

Proof of Theorem 3. Unique interior equilibrium: For the first part, as-
sume that an interior pure-strategy equilibrium exists, which necessitates that A2
is satisfied. Let (a},a}) denote the equilibrium action profile. Assume to start that
Pi(at,a%) > 0> PL(a},a3). In (a1,az) space, (a},a}) is thus in the area above the
locus of points where Piy(ay,as) = 0 (see Figure 1(a)). In this area by(a) is strictly
increasing and by (az) strictly decreasing. Hence, the two reaction functions do not
intersect at any other point in the interior of this area, nor at any interior point
where P}y(a1,a;) = 0. Thus, if one of the two reaction functions does not cross the
Pj, (a1, as) = 0locus, then (a}, a3) must be the unique interior equilibrium. If both re-
action functions cross the P},(ay,as) = 0 locus, then agent 2’s reaction function does
so further to the north-east than agent 1’s reaction function. At the latter point, by (as)
is maximized, meaning that this is the right-most point of agent 1’s reaction function
in (ay,as) space. Since agent 2’s reaction function intersect the Pjy(a;,as) = 0 curve
later and becomes decreasing thereafter, the two reaction functions cannot intersect
in the region where P3(ay,az) < 0 < Pl (a1, as). Hence, (af, a}) is the unique interior
equilibrium. Similar arguments apply if P%(a},a3) < 0 < Pl(a},a}) to start with.

For the second part, assume that F''(z|0) and F?(z|0) are non-degenerate.

Existence. Since F'(z|0) and F?(x|0) are non-degenerate, agent i has a best
response to a; = 0. By Al, there is a unique best response to any a; > 0, and the
resulting reaction function is continuous.

As in Siegel (2009), define @; as the action for which v; —¢;(@;) = 0. Actions above
a; are strictly dominated by a; = 0. In other words, any pure-strategy equilibrium
must fall within the rectangle [0, @] X [0, @s] in (a1, as) space. As mentioned, b;(a;) is

continuous, and its range on [0,@,] is a closed and convex subset of [0,@;]. It follows

30In Propositions 2 and 3, b;(a;) and 7;(a;) touch only once (which is when they cross each other).
The significance of this property is that whenever b;(a;) is strictly increasing, b;(a;) > 7i(a;) and
so agent 4 is the frontrunner. However, Proposition 5 with heterogeneous technologies is silent on
when agent ¢ is the frontrunner or laggard.
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that the reaction functions intersect at least once on [0,a@;] X [0, @a].

Uniqueness. Given that reaction functions are continuous everywhere, including
along the boundaries of [0,a;] x [0,az], the proof of the first part of the theorem
generalizes to all possible equilibria, both interior and those on the boundary.

However, with the existing literature in mind, it is instructive to discuss the pos-
sibility of an equilibrium at (0,0). Consider a lottery contest, microfounded as a
best-shot contests with p;(a;) = a; for i = 1,2. Reaction functions are hump shaped
and b;(a;) — 0 as a; — 0. There is a unique (interior) equilibrium, but the two
reaction functions also both converge towards the point (0,0). The latter is not an
equilibrium because F'(z|0) and F?(z|0) are degenerate and agent 7 has no best re-
sponse to a; = 0. Nevertheless, this example may raise the question of whether it
is possible to have both an interior equilibrium and an equilibrium at (0,0) when
F!(z]|0) and F?(z|0) are non-degenerate? The answer is no.

First, if P,(0,0) # 0, as in Figure 1, then previous arguments show that the two
reaction functions cannot intersect at (0,0) as long as A2 is satisfied. On the other
hand, if A2 is violated, then at least one agent’s best response is always zero. Then,
there must be a unique equilibrium since the other agent has a unique best response
to zero effort. Second, if P},(0,0) = 0 = P%4(0,0), then reaction reaction functions
are strictly hump-shaped on [0, a®"P) when A2 is satisfied. Now, if b;(0) = 0 then
either u}(0) < 0 or ui(0) = 0. In the first case, b;(a;) = 0 even if a; is marginally
above 0, but this is not consistent with the strict hump-shape. In the second case,
the agent’s first-order condition is satisfied at (0,0) and Al can be invoked. Since
P};(0,0) = 0, the implication is that bj(a;) = 0. Hence, b;(a;) is below the curve
where Pjy(a1,as) = 0 as a; increases further, but this is possible only if b;(a;) = 0

always, thus violating A2. m

Proof of Corollary 1. In the symmetric contest, reactions functions are identity-
independent and, by Proposition 2, strictly hump-shaped. The peak occurs at the

unique a; value where b;(a;) = 7;(a;). Thus, there is a symmetric equilibrium (a”, a®)
S 1
5.
Assume now that agent j’s characteristics, i.e. v, p;(-), or ¢;(), change. Changes

where b;(a®) = a® = 7;(a”), i = 1,2. By symmetry P!(a®,a®) =

in v; and ¢;(-) have no impact on agent ¢’s reaction function, which therefore still

peaks at a®. Moreover, the point (a®,a”) is the only point on agent i’s reaction

function where P'(a) = % Hence, if the equilibrium changes in such a way that

Pi(a*) # %, then it must hold that af < a° in the new equilibrium. Regarding
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changes in p;(-), note that agent i cares about the impact of agent j’s action rather
than the action per se. Hence, agent i’s reaction is still maximized at the unique a;
where p;(a;) = p;(a®) and where agent i wins with probability 3. Thus, if P'(a*) # 3

in equilibrium, then af < a°. m

Proof of Corollary 2. When v; decreases, b;(a;) strictly decreases for all a; > 0
where b;(a;) > 0 originally. To see this, let b7 denote the unique best response to a;
in the original contest, and let b* denote a (not necessarily unique) best response
when agent i’s valuation changes from v; to v, < v;. Then,
wP (b}, ;) = cia) > wiP(b, a5) — ci(a;”)
viP (b a5) — ei(a7) = viP(b, ap) — cia)),
which implies that
vi (P10}, a5) — P07, a5)) > ci(a)) — ei(ai™) > vf (P(b], a5) — P'(b", a5)) -

Since v; > v}, P'(bf,a;) > P'(bi*,a;), or b} > bi*. At the same time, b7* = b} cannot
occur since the same action cannot satisfy the first order condition in both the original
and new contest. Hence, b7 > b;*.

Let (a},a3) denote the original interior equilibrium action profile. Since agent i
views actions as strategic substitutes at (aj,a3), bi(aj) < 0 and bi(aj) > 0 in the
original contest. In the new contest, b;(a;) is unchanged and is increasing in the
region where the original equilibrium occurs. Since agent i’s best response(s) have
decreased, any pure-strategy Nash equilibrium must occur at a point below her old
reaction function. Since b;(a;) is increasing, the implication is that any pure-strategy

equilibrium (when one exists) occurs at point where a; < a} and a; < a}. =

Proof of Corollary 3. The first part of the corollary follows from the same type
of argument as in the proof of Corollary 2. The second part follows from the fact
that the favorite by definition won with probability greater than % in the original
contest, and wins with even greater probability in the new contest due to the change

in equilibrium actions. m
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Appendix B: Online Appendix

Table of contents:

e B.1 Single-valued best responses and the first-order approach
Includes sufficient conditions for Assumption Al, a proof of Proposition 6 (Q-
LSM contests), examples, and a discussion of the relationship to Chade and
Swinkels (2020).

e B.2 Robust regulation
Proofs of Corollary 4 and Propositions 7-8. Discussion of how tight Proposition
6 is.

e B.3 Heterogenous technologies

Proofs of Lemmata 1-2, Theorem 4, and Corollary 5.

e B.4 Homogeneous production functions

Proofs of Propositions 9-10.

e B.5 Departures from the model

An example with sub-modular returns to effort and a generalization to shifting

supports.

e B.6 Precommitment in sequential contests

Discussion of the robustness of Dixit’s (1987) results on the consequences of

sequential moves in contests.

B.1 Single-valued best responses and the first-order approach

This section first provides a new example that demonstrates sufficient conditions for
NUC. The example is used later to illustrate other developments. The main focus
is on establishing conditions for concave and quasiconcave payoff function (including
a proof of Proposition 6 in the main text). These conditions lean heavily on the
literature on principal-agent models, like Rogerson (1985) and Jewitt (1988), as well
as on Chade and Swinkels’ (2020) paper.
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B.1.1 Example: Sufficient conditions for NUC

Chade and Swinkels (2020) offer sufficient conditions for NUC. The next example
makes use of one of their sufficient conditions, which has the advantage that the

starting point is the density f%(x;|a;) rather than the distribution function F'(x;|a;).

Ezample 5 (k' -shot contests): Let k be a positive integer. Let H(z) be some atomless
distribution with full support and strictly positive and differentiable density h(x). The

performance technology is described by a distribution function with density
fi(xla;) = Blps(a) H ()"~ (1 = H(x))" " (),

where B(-) is such that f‘(z|a;) integrates to one over [z,Z]. The impact function
pi(a;) is non-negative, twice differentiable, and satisfies p;(a;) > 0. It is as if agent
i makes p;(a;) + k — 1 draws from H(x) and the agent’s performance is taken to be
the k' highest of those draws. If k = 1, the contest reduces to the best-shot contest
in Example 2. If £ = 2, the agent’s performance is determined by the second-best
draw out of p;(a;) + 1 draws. As in best-shot contests, the analogy is not perfect
as p;(a;) is not restricted to be an integer. The k'-shot contest can e.g. describe a
setting in which competing agents are required to develop a product with & critical
components. The agent puts together a product consisting of the &£ best components
that she is able to make, out of a total of p;(a;) + k£ — 1. However, the quality of the

product is determined by the weakest of the selected components.

For any k,
0?In fi(z]a; h(x
PIT) _ 0) 10
Ozxda; H(x)
is strictly positive, implying that the distribution has the strict MLRP. Moreover,

pi(a;) ?I((?) is trivially log-supermodular. Thus, the least demanding of the three suffi-

cient conditions for NUC in Chade and Swinkels (2020, Proposition 2) applies. Hence,
the contest is a LSM contest.

For future reference, when n = 2 and k£ = 2 the CSF reduces to

p1(a1) (p1(a1) +1) (p1 (a1) + 3pa(ag) + 2)

P, az) = (p1 (a1) + pa(az)) (p1 (a1) + p2(as) + 1) (1 (a1) + pa(az) +2)°

(10)

using (2). A
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B.1.2 Concave payoff functions

This subsection assumes that ¢/ (a;) > 0 and asks what properties the performance
technologies must have in order for u’(a) to be strictly concave in a;, or ul,(a) < 0.
This exercise is near-identical to how the literature on principal-agent models jus-
tify the first-order approach, as pioneered by Rogerson (1985) and Jewitt (1988).
In that setting, the performance-contingent reward takes the form of a wage sched-
ule, w(z), whereas in the contest setting it takes the form of a winning probability,
IT i 7(z|a;). The difference in interpretation aside, the same techniques apply.
Rogerson’s (1985) result applies directly, since the only structure he requires on
w(x) is that it is increasing. Clearly, [, ; F(2|a;) has that property. Rogerson then
shows that u'(a) is concave in a; as long as F'(z|a;) is convex in a;. This condition
is satisfied in e.g. the best-shot model. A strict version of his result is stated below.
Jewitt’s (1988) result requires that w(x) is increasing and concave. In the n = 2
case, this holds if F7(z|a;) is concave in z, which is satisfied if e.g. F7(z|a;) is an ex-
ponential distribution, as in Hirschleifer and Riley (1992). In addition, Jewitt (1988)
imposes a condition on F(z|a;) that is weaker than Rogerson’s convexity condition. It
turns out that NUC adds structure to F*(z|a;) that makes it easier to check the latter.
The exponential distribution F*(x|a;) = l—e m@), z € 0, 00), satisfies this condition

as long as the mean p;(a;) > 0 is concave. Let a_; = (a1, ..., 41, Qi11, .o, Q).

Proposition 11 Consider a strict LSM contest with n > 2 agents. If ¢!(a;) > 0,

then agent i’s problem is strictly concave in a; for any a_; # 0 if either:

1. F'(z|a;) is strictly convex in a; for all a; and all v € (z,T), or
2. 11, F7(w|ay) is strictly concave in @ and B[X;|a,] is weakly concave in a;.

Proof. The condition that a_; # 0 means that [, F”(z]a;) is not degenerate, but
is strictly increasing in x. With this in mind, the first result is a strict version of
Rogerson’s (1985) result and can be proven by using integration by parts.

Using integration by parts twice, the second result similarly follows from Jewitt
(1988) if [T F'(s|a;)ds is strictly convex in a; for all 2 € (z,%). It will now be shown
that this p}operty follows from strict NUC and the condition that B[X;|a;] is weakly

concave in a;.
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Strict NUC is equivalent to the requirement that a%% > ( for z € (z,T). Since

2 x i
aa—a% ’ F'(sla;)ds = /r Fé(s]a)%ds,

strict NUC and F}(s|a) < 0 imply that the integrand is either of constant sign for
all s or that it is first positive and then negative. Hence, if ;—:2 f;, F'(s|a;)ds > 0 for
some =’ € (z,7], then 59_;2 [Z Fi(s|a;)ds > 0 for all z € (z, x')l Hence, it is sufficient
that % f; F'(s|a;)ds > ZO, but this is the same as requiring that E[X;|a;] is weakly
concave in a;. ®

Ezample 5 (continued): The second part of the proposition is relevant to Example 5.
First, note that it is without loss of generality to let H(z) = x, x € [0,1]. Formally,
this can be seen through a change of variable. Intuitively, the reason is that rather
than thinking about performance on a scale between x and 7, it can be thought of in
terms of the corresponding quantiles of H(x). For n = 2, it can then be shown that
the second part of the proposition is satisfied if p;(a;) is concave and p;(a;) < 1. Of
course, these are merely sufficient conditions. To illustrate, if £ = 2 and impact and
cost functions are linear, then it can be verified from (10) that w;(a;, a;) is concave in
a; whenever a; < 1.8944. A

B.1.3 Quasiconcave payoff functions and Q-LSM contests (Proposition 6)

A self-contained proof of Proposition 6 from the main text is provided first. Subse-
quently, the relationship to Chade and Swinkels (2020) is explained in more detail.

Proof of Proposition 6. Fix a; € (0,a,]. If u’(a;, a;) does not have a stationary
point on (0,@;), then it is monotonic and thus quasiconcave on [0, a;]. Assume now

that there is a stationary point, or some a; € (0,@;) for which
viP; (a5, a5) = ci(a;).

Then, the second derivative of u‘(a;, a;) with respect to a; is proportional to

—,<AA.'—,.<O
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where the first inequality follows from log-supermodularity of P/ (a;, a;) and the second
from the assumption in the proposition. Hence, the second derivative is strictly
negative, proving part (ii) of the proposition. It follows that the stationary point is a
local maximum. Thus, there is at most one stationary point. In conclusion u’(a;, a;)
is either monotonic in a; or it is first-increasing-then-decreasing on [0,a;]. In either
case, u'(a;, a;) is strictly quasiconcave in a;, thus proving part (i) of the proposition.
|

To explain Proposition 6, consider the following exercise: Hold the technologies
and @; fixed. Fix ¢;(0) = 0 and ¢;(@;). Then, the proposition quantifies how much
the cost function must be “curved” or “convexified” on the interval [0, @;] in order to
achieve quasiconcavity. Finally, note that if the condition in Proposition 6 holds for
some (v, v7), then it also holds if the valuations decrease. The reason is that @; and
@y then decrease. The main body of the text makes an assertion that Proposition 6
is tight in a certain sense. This assertion is proven at the end of the next section.

The proof of Proposition 6 is self-contained and relies only on log-supermodularity
of P/(a). However, the proposition can alternatively be shown to be an implication of
a result in Chade and Swinkels (2020). To this end, note that Proposition 6 requires
calculating P*(a;,a;) and examining its curvature properties. It may be convenient
to have a “looser” condition, if such a condition is easier to check. Proposition 5 in
Chade and Swinkels (2020) is highly useful in this regard. A version, adapted to the

current setting, is provided next.

Proposition 12 (Chade and Swinkels (2020)) Consider a LSM contest with two

agents. Fiz a; > 0 and assume that there is a function q(z) that satisfies

0
Baalgla:] ¢ (af)) <0 for all a; € (0,a).

) Bolda] ~ a

Then u'(a) is strictly quasiconcave in a; € (0,a;).
Proof. This is Proposition 5 in Chade and Swinkels (2020), with I" degenerate and
v(z) = v;Fi(xla;). m

Proposition 6 can in fact be seen as a corollary of this last proposition. Let
q(z) = F?(z|a;). The MLRP implies that () is satisfied for all a; € (0,a;]. Moreover,

since E[g|a;] coincides with P*(a;,a;), (i7) reduces to the condition in Proposition 6.
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Another application arises in contests in which F7(z|a;) is concave in z. Letting
q(z) = x then implies that (i) is satisfied. In this case Elg|a;| = E[X;|a;]. Hence, (i)

is satisfied if E,, (X[ a)
ek ub L P A 0 for all a; € (0, a;
E, [ X:|ai () < 0 for all a; € (0,a;],

or in other words if the cost function is more convex than E[X;|a;], which in turn im-
plies that E[X;|a;]| — ¢;(a;) is strictly quasiconcave. The same logic is behind Corollary
1 in Chade and Swinkels (2020).

So far, it has been implicitly assumed that the agents’ reaches are known. However,

in practice it is often the case that

takes a relative simple form and is easy to work with. By the argument in Proposition
6, if
Pi(a;,a; d (a;
lim Z?( _])— Z,( )<0f0rallai>0
=00 Bi(ai,a;)  cjlai)

then agent i’s payoff function is strictly quasiconcave regardless of what the agents’

reaches are. Note that this approach provides another way of verifying Assumption
Al.

Ezxample 5 (continued): Consider the two-shot model in (10). To focus on the role
of the cost function, assume that p;(a;) = a;, i = 1,2. In this case, it can be verified

that S
lim Pi?(ai’fj) = 2 )
a;—00 PZ-Z(G,Z‘, CLj) 2(1,i +1

Note that if ¢;(a;) is proportional to a? + a;, then CCI,/((Z)) = 2@_2“.

function is more convex than (or a convex transformation of) a? + a;, then agent i’s

Hence, if the cost

problem is quasiconcave regardless of a;. This holds if, for example, ¢;(a;) = a;* with
Vi = 2.

For an application of Proposition 12, consider the general k'’-shot contest and
normalize H(z) = z, x € [0, 1]. Assume again that p;(a;) = a;, i = 1,2. Let g(z|a;) =
2191 where [@;] is the smallest integer greater than or equal to @;. Condition (i)
is satisfied for all a; € (0,a@;]. Note that E[g|a;] is the expected value of the [a@;]™

moment of the distribution F*(z|a;). However, the latter is a beta distribution, for
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which the [@;]" moment is known to equal

[a;1-1  a; +7r
Elq|a;] = HT:O P ——

For instance, assume that [@;| = 2. Then,

Eaalgla;]  —2(2a7 + 3a7k + 3a? + 3a;k + 3a; — k* + 2k + 1)
Eo[qla] — (a? 4 2a:k + a; + k2 + k) (2a; + k + 2a;k + 2a2 + 1)’

which is increasing in k. Hence, condition (i7) is hardest to satisfy for k& — oc.

2 2
2a;+1° i

or a convex transformation thereof, then agent 1’s problem is quasiconcave for all
Q; S (O,GJ] A

However, the limit is once again Thus, as before, if the cost function is a

B.2 Robust regulation (Corollary 4; Propositions 7—8)

PRELIMINARIES: For fixed 3;, agent i’s expected utility depends on the action profile,
a, and the size of the regulatory intervention, 7. Let u’(a|r) = (v; + 3,7) P'(a)—c;(a;)

denote expected utility and note that

Uiz(a|0) = UiPliz(a)
ui, (al0) = p;P(a

T

)
ug(al0) = viPj(a) - ¢(a,).

Note that the sign of u! _(a|0) is determined by the sign of f3,.

Proof of Corollary 4. Consider an unregulated strict LSM contest with an interior
pure-strategy equilibrium, a*, in which P'(a*) > 1 > P?(a*). Once regulation is
introduced, equilibrium is characterized by mutual best responses, or in other words

(when interior) by
ui(a1(7), as(7)|7) = 0 and u3(ai(7), ax(7)|7) = 0. (11)

Since a* is interior and the contest is a Q-LSM contest, it holds that u’;(a;(0), a2(0)[0) <
0, i = 1,2. The assumptions of the implicit function theorem are now satisfied, im-

plying that a,(7) and as(7) as defined by (11) are continuously differentiable around

52



7 = 0. Omitting the arguments for brevity, it holds that

2.1 2 .1
a'(O) U Ujg — UnoUy,
! owbud, — ubu?
11U22 12U7T2
1,2 1,2
! Uy Upg — Up Uy,
ay(0) =

1.2 1,2 °
U1 Uy — UpUT9

Since u}, = v;Pjy(a*), the assumptions that technologies are homogeneous and that
agent 1 is the favorite and agent 2 the underdog together imply that ul, > 0 > u2,
(by Theorem 1). Hence, the denominator is strictly positive. Since regulation is non-
trivial and exclusionary, it holds that u{_ = 0 and uZ_ > 0. It immediately follows
that a/(0) > 0 and a4(0) > 0. =

Proof of Proposition 7. A stronger result is proven. In particular, valuations are
held fixed and are assumed to be known. Thus, it is the flexibility of the cost function
that drives the result.

The derivatives a}(0) and a%(0) were derived in Corollary 4. Since regulation is

non-trivial, at least one of u}_and uZ_ is non-zero. If 8, < 0 then w2 ul, < 0 and

—uj,u3 < 0. In addition, one of uj u?, and —u3,ui is non-positive. Hence, either

a}(0) < 0 or a,(0) < 0, or both. The same conclusion obtains if 3, = 0 but 8, # 0.
The remaining cases entail 8, > 0 and 3, # 0. Note that u! = (,P{(a*) and
uly = v; P},(a*) are pinned down by valuations and the regulatory regime as well as by
the fixed performance technologies and the fixed equilibrium action profile. Marginal
costs, c;(a;), are implicit in the determination of a*. The remainder of the proof is

based on the important implication that the curvature of the cost function around a}

determines the magnitude of u}, = v; Pi(a*) — ¢/ (a}) without impacting u!_or u},.

To begin, define some continuous function «;(a;) for all a; > 0 and assume that

Pi (a,i,aj)

10

> 2 22 o =1. 2. 12
P;(ai,aj)’Z 7 (12)

/-@i(ai)

/' (a;)
ci(aq)
(12) is sufficient to guarantee that u’(a) is strictly quasiconcave for any a; € (0,a;] and

Think of the function ;(a;) as representing ;(a;) =

. Under this interpretation,
that ul,(a*) < 0 when a* is interior (Proposition 6). Following the same arguments

as in Theorem 3, the resulting contest has at most one interior equilibrium. The idea

is to search through the “feasible set” of functions that satisfy (12) to identify a pair,
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(K1, k2), that verifies the claim in the proposition. A complication is that x; and ks

are linked in the sense that agent j’s reach depends on x;, which is thus written as

—K4 .
a;’ when required.

Note that k;(a;) = d%i Inc;(a;). Since af is, by assumption, the best response to

a} in the unregulated contest, it must hold that ¢j(a;) = v;P/(a;, a}) when evaluated

at a; = a. Putting together the differential equation and the initial condition yields

L% ki(z)dz

di(a;) = v; Pl(a*)e’™ >0,

i
for a; > 0. Thus, for any feasible k;(a;) function, it is possible to infer or construct
the marginal cost function that is required for a* to constitute an equilibrium in the
unregulated contest. Two important observations follow.
First, since
L5 ki(z)dw

¢ (a;) = vi P (a")ki(a;)e’™ :

it holds that Pi(a%)
i (a%) — v Pi(ar) [ B
o) = ) | )~ e (13)

thus confirming that u;(a*) < 0 for any feasible x;, by (12). Indeed, u!;(a*) can be

made to take any value in Ry by varying k;(a}) in (1;((:)) ,00), although it is as yet
unclear if (12) is then satisfied.

Second, with marginal costs in hand, the cost function can be recovered. Recalling
the normalization that ¢;(0) = 0, it follows that

S5 ki(z)dz

cia;) = viPZ(a*)/ e’ dz,
0

and agent i’s reach, @;’, can in principle be calculated for any x;. As long as (12) is
satisfied, a; is the unique best response to a} and it follows that @;* > a;. Thus, fix
some r; that satisfies (12). Thus, ¢;(af) is fixed. Now fix some a; € (a},a;") and note
that -

es(@s) = ei(a?) +Ui}>ii(a*)/ F e
Now increase k;(a;) by adding k(a; —a}) for all a; > a}, k > 0. Note that (12) remains
satisfied. As k — o0, ¢;(a;) increases without bound. Hence, there comes a point

where ¢;(@;) = v;, or in other words where @; is agent i’s reach. Since @; is arbitrary,
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but above af, it is an implication that agent i’s reach can be made arbitrarily close

to a without changing ut,(a*).
Finally, fix some desired value of u, (a*) € (0,00) or, equivalently, some desired

“(a*)
P’L( *) Y
in such a way that ;(a}) takes the desired value while satisfying

value of k;(af) strictly greater than = 1,2. Construct an initial x; function

Pi(a;, at
Z?(—i) for all a; € (0,a}].

Kila;) >
() > Bilar,at)

By continuity, there are then (aj, @) > (af,a}) such that

Pi(a;,at) oy
Iil‘(a,i) Wﬁj) for all a; € (0, ai].
(2 ¥l

Let @; = min{a},a?}, i = 1,2. As described above, by increasing &; for all a; > a, a

7 Z

new k; can be constructed for which agent i’s reach is @; or smaller, ¢ = 1,2. The end
result is a pair of k; and ks functions with implied reaches no larger than a; and a,,

respectively, with the desired values of ui,(a*) and u3,(a*). At the same time, (12) is
P'le(al 3) P (aua]
le( .’\z) - Pz(a“a)
the unique interior pure-strategy equilibrium. In short, any desired u},(a*) < 0 and

satisfied because by log-supermodularity of P;. Hence, (af, a}) is

u3,(a*) < 0 pairing can be supported as part of an equilibrium. The rest of the proof
is now straightforward.

Case 1: Assume 35 > 0 > ;. It is immediate that a5(0) > 0. However, recall

that
2 .1 2.1

a (O) U Ujg — UppUy,
1 Tl 2 a2
11U22 12U12

with u3 ui, > 0 and uj_ < 0. Hence, if —u3, > 0 is sufficiently large, then a}(0) < 0.
Case 2: Assume By > 0 and [, > 0. Although a/(0) > 0, it holds that

1,2 1,2
' Uy Uy — Up Us,
(0) =

1,2 1,2
U Usy — UpaUTg

with u} u?, < 0 and u3_ > 0. Hence, a5(0) < 0 if —ui, > 0 is sufficiently close to

zero. m
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Proof of Proposition 8. Simple differentiation yields

Om(ax(7), as(7))
or

|r=0 = m1(a")a; (0) + m2(a")a5(0).

Omitting the arguments for simplicity, the sign of the above expression is given by

_ 2 1 2 1 1,2 1,2
S = m [U27U12 - U22u1r] + o [ulru12 - UIIUZT}

_ 1 2 2 2 1 1
= U [772U12 - 7T1U22} + Uy, [771U12 - 7T2u11]

The sign of the sum in the first (second) square brackets is ambiguous (positive).

Recall that the regulator does not know preferences, {v;,c;(-)}%;, and can only
infer ¢(af)/v;. To clarify the role of this assumption, consider the case where valu-
ations are known. Since the contest is a Q-LSM contest, payoff functions are locally
concave at a*. Thus, if #; > 0 and 3, > 0 then

1 2 2 1
S > wuy,mauly + Uz, U,
1 2 2 1
2 1 1

where the last inequality follows from P, = —P2% > 0. Thus, if valuations are known,
then 8, Pim v, — 3, P} mav, can be computed. It follows that the regulator can calculate
(B81,B2) > 0 such that m(ai(7),as(7)) is guaranteed to be locally increasing in 7
around 7 = 0 even when cost functions are not known. That is, robust regulation that
is non-trivial and non-exclusionary is possible. On the other hand, if valuations are
not known, then for any (5,, 85) > 0 there are o small enough such that By Pimiv —
B, Plmavs is negative and the argument no longer applies.

Returning to the case where preferences are unknown, expanding S yields

S = ByP] [mavaPy — w1 (v2Psy — &5(a3))] + BoPs [mivi Ply — ma (1 Py — ¢ (a}))]
P2 P2 CN(CL*) Pl Pl c”(a*)
3Pl (g (vl 5y Galag P2 (o0 lscEl o oale
rletad) [mpt - (7 - S )| +surteted [ - (3 - 505 )|

where the second equality comes from the first-order conditions, or v; = ¢(a})/P}.

It was established in the proof of Proposition 7 that the family of Q-LSM contests is
Pia®) _ cf(a})

i
Pi(a*) ci(a¥)

k3

sufficiently flexible to make take any value in (0, 00), independently of
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what v; is. Note also that Pf(a*), 1;((:)), Jgfg:)), and 7;(a*) are fixed, i.e. determined
entirely by a*.

Case 1: Assume [3; > 0. The term in the first square bracket can be made to
approach I;l? < 0. At the same time, c¢4(a}) can be made arbitrarily large (by
increasing v, at the same time). Hence, the first term in .S is negative and dominates
the second term, ensuring that S < 0.

Case 2: Assume (3; < 0. The term in the first square bracket can be made
arbitrarily large, as can cj(a}). Since 5, < 0, the first term in S is negative and
dominates the second term.

Case 3: Assume [3; = 0. Since regulation is non-trivial and non-exclusionary,
B5 < 0 and it is immediate that S < 0. m

Proposition 6 is tight in the following sense. Fix the reaches, @; and @;. Fix
some a? € (0,@;) and fix the corresponding value of ¢/(a?')/c,(a’). Assume that the

inequality in (6) is reversed at a; = a¥, or

e =) (14)

Next, fix some af close enough to @; that (14) still holds when @, is replaced by af.

There is a large set of preferences that are consistent with the fixed reaches and the
fixed value of ¢/(a¥)/c/(a?). Among these preferences are some for which (a7, af)

simultaneously satisfies both agents’ first-order conditions. That is, (af,af) is an

equilibrium candidate. However, agent i’s payoff function is strictly convex in a; at

(a, f) Hence, (af afé) is not an equilibrium after all.

To prove the assertion more formally, recall that @; and @; are fixed. Thus,
?)
al’)

ci (al)

C](

and are fixed (and equal to one). Likewise, a7, af, Pi(a™), and <) are fixed.

c;-’ (

Following the notation in the proof of Proposition 7, let r;(a) o ;ﬁ) Also from

Proposition 7, recall that

(a; . @i %y ki(x)dx
Cz(an) — ]jzz(a#)/ efai# (z) dz’
0

a; f # ki (z)da

which means that f dz must be made to hit a certain target. However, this
7)

is easily done even though k;(a]) is pinned down. The reason is that any continuous

ki(+) function that does not work can always be changed to x;(a;) +k(a; —a¥), k € R,
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a; € (0,@;]. Then, k can be calibrated to hit the target without changing /ii(az#). For

agent j, af and @, are fixed, but Hj(af) is not. Thus, the only restriction is to choose

a continuous k; function for which

) a5 (%, kj(z)de
= Pq(a#)/ el e,
0

B.3 Heterogenous technologies (Lemmata 1-2; Theorem 4;

Corollary 5)

Proof of Lemma 1. As explained in the text, agent 1 is the frontrunner due to
reverse hazard rate dominance, (77), when a; > ay. The argument extends to a; = as
in the case of strict reverse hazard rate dominance, i.e. when the inequality in (77)
is strict. Using (8) in the place of (5) in the proof of Theorem 1 establishes the rest

of the lemma. =

Proof of Lemma 2. Since P'(a) =1 — P?(a),

wiw) = v [ (~Flelan)) £lalar)ds - & ).

Hence, (73) and (P;) imply that ui(a) > w3(a) if a; = ay. Invoking Al and the
assumption that u’(a) is quasiconcave in a; then implies that if agent 2’s best response
to some a’ is a’, then agent 1’s best response to a’ is no smaller than a’.

Let (a}, a}) denote the equilibrium action profile. If a3 > af then a} = bs(a}) > aj.
However, it is not possible for by(a;) > a; for all a1, since the best response is bounded
above by @y. Thus, by continuity, there exists some a’ > af such that by(a’) = a’. It
then holds that b;(a’) > d/, as explained in the main text. If by(a’) = @ then (o, d’)
is an equilibrium, and since equilibrium is unique it contradicts that (af,a}) is an
equilibrium. If b;(a’) > @' then agent 1 views actions as complements at (b;(a’),a’),
again as explained in the main text. Hence, bi(as) is increasing in as for ay < a'.
Since agent 2 views actions as (weak) substitutes at (a',a’), ba(a1) is decreasing for
a; > d'. Putting these observations together yields the conclusion that b;(as) and
ba(ay) intersect at some point where a; € [a’,b1(a’)] and as € (0,a’). This intersection
is an equilibrium, which contradicts that (a,a}) is an equilibrium. Hence, there is

no interior equilibrium with a3 > aj. In conclusion, a] > a3 in equilibrium.
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If a} = a} then ul(a*) > u3(a*) if either inequality in (Py) is strict, but this con-
tradicts that both players are best responding. Hence, aj > a3. The same argument

applies if the inequality in (73) is strict. m
Proof of Theorem 4. The proposition follows from Lemmata 1 and 2. m

Proof of Corollary 5. By Theorem 4, agent 1 (2) views actions as complements

(substitutes) in equilibrium. The proofs of Corollaries 2-4 now carry over. m

B.4 Homogeneous production functions (Proposition 9-10)

Proof of Proposition 9. Since the production function is monotonic, agent i’s
production is below z; if €; is below some threshold, T'(z,a;). Then, Fi(x|a;) =
Qi(T(z,a;)). Hence, —Fi(z|a;) = —QL(T(x,a;))Ty(z,a;) and —F! > 0 requires that
T, < 0. Similarly, f(z|a;) = QT (z,a;))Te(z,a;) and f* > 0 requires that T}, > 0.

Note that .
Fi(zla;)  Ta(w,a:)

fizla) — Tu(z,a;)
is identity-independent. Hence, (73) trivially holds with equality.

Turning to (73), consider a; = as = a > 0 and observe that

falzla) — fi(z]a) (Q&’(T(% a))  Q3(T(z,a))

QT (x,0))  Qy(T(x,a))

Fl(zla) F2(z]a) )Tx(x,a),

which is positive for all interior = if and only if (); dominates ()2 in terms of the
likelihood-ratio. Since likelihood-ratio dominance implies reverse hazard rate domi-
nance, (77) is automatically satisfied. Thus, (77)—(73) are satisfied if and only if ¢4

dominates ()» in terms of the likelihood-ratio. m

Proof of Proposition 10. It is assumed that g; and h; are log-concave. Equiva-
lently, g;(z —t) and h;(z — t) are log-supermodular in (¢,z). It is also assumed that
% gl(ai) is log-supermodular in (¢, a;). Since performance 6;a; + ; is the convolution

of two random variables it has density

Flalod = [ Lot = o, (15)

Q; a;

where h;(z —t) is zero outside the support, i.e. if the argument is negative. Since the

integrand is log-supermodular in (¢,z,a;), f* is log-supermodular in (x,a;). That is,
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MLRP is satisfied. Similarly,

F'(x|a;) = / Gi(—)hi(z —t)dt,

and thus o 4 .
—F(x]a;) = —gi(—)hi(x — t)dt,
o) = [ ot

(3

where the integrand is once again log-supermodular in (¢, ,q;). Hence, —F! is log-
supermodular in (z, a;) and NUC is satisfied. In short, the contest is a LSM contest.

Assume from now on that G; >, G5 and H; >, H,. The former implies that
G1(Z-) dominates Go(>) in the likelihood-ratio when a; = a». It is known from e.g.
Shaked and Shanthikumar (2007, Theorem 1.C.9) that likelihood-ratio dominance
is preserved under convolution if densities are log-concave. Hence, F; >;. F> when
a1 = ao. Likelihood-ratio dominance implies reverse hazard rate dominance, and it
follows that (7;) is satisfied. Likewise, for fixed a;, inspecting —F reveals that it
can be thought of as a “density” that is obtained by convoluting random variables
with densities J3¢;(;-) and h;(z), respectively. Note that J7¢;(;) is log-concave in z
because %gz(f)l is log-supermodular in (z,a;). Hence, the Z“density” —F! dominates
the “density” —F?2 in terms of the likelihood-ratio when a; = a,, which is just another
way of stating (72).

Turning to (73), note that

_F’L i i x_t
—Fa(wla) _ / “; ( )
f 2 9i(Z)h

fi(ala;) (x — 2)dz

for any = € [0,00). The last factor can be thought of as the expected value of a

random variable with support [0, 2] and density

t e [0,x].

Thus, to confirm (73) it is enough to prove that Iz (t) strictly first-order stochastically
dominates f2 (t) when a; = ay. A sufficient condition is that Iz (t) strictly likelihood-
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ratio dominates f2(t), or in other words that f1(t)/f3(t) is increasing. However,

Fi L (L — Lo (Z)h(x — 2)dz
In J,C\(t) =In —allgl(atl) +In (—hl(x t>> —In fox allgl(azl) i ) .
f2(t) 592(55) ha(z — t) 0 2:92(Z)ha(z — 2)dz
(16)
The last term is independent of ¢. Consider now case (i) in which G; > G5 and
Hy; = Hs. Then, the second term in (16) is independent of ¢ as well, but the first

term is strictly increasing whenever a; = as. Hence, J/”\l (t) strictly likelihood-ratio
dominates f2(t). In contrast, in case (i7) where H; >;. Hy and G; = G, the first

term in (16) is independent of ¢ when a; = ay whereas the second term is strictly
decreasing in ¢. Hence fz(t) strictly dominates ]?1 (t) in terms of the likelihood-ratio

property. This concludes the proof of the proposition. m

B.5 Departures from the model

B.5.1 Log-submodularity on a fixed support

This section presents a flexible example which, depending on parameters, can cap-
ture log-supermodular or log-submodular technologies. The example also illustrates

several of the paper’s results.

Ezample 6 (A flexible model): Consider a contest with two agents and where
Fiwila;) = (we™ " + e~ — afe™" — gle” %" + a7 + 2) /2 (17)

for z; € [0,1], a; € [0,00), and with r;,¢; > 0, i« = 1,2. Given the action profile

a = (ay, az), the probability that agent 1 outperforms agent 2 can be shown to be
P'(a) = (31 (7" — e ™) 419 (e ™" — 7M1 4 (e7“Te7 " — ¢7®22¢7 M1 4 120) /240.
Letting P},(a) denote the cross-partial derivative with respect to a; and as, note that

PL(a) 20 <= a1 (t; — 1) = ay (ty — r9) +In (roty /71ta) . (18)

Assume technologies are homogeneous, with ; = r and t; = t, ¢ = 1,2. Then,
PJ,(a) has the same sign as (a; — ag) (t—7). By symmetry, a; —as > 0 whenever agent

1 is the frontrunner. Thus, the frontrunner views actions as strategic complements,
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or P}y(a) > 0, if ¢ > r. On the other hand, the frontrunner views actions as strategic
substitutes if ¢ < r. Thus, the nature of the strategic incentives depends on the prop-
erties of the performance technology. Indeed, —F!(z;|a;) is strictly log-supermodular
when t > r and strictly log-submodular when r > t. In either case, however, whether
agents view actions as strategic complements or substitutes is unequivocally deter-
mined by their status as frontrunner or laggard (Theorem 1). Reaction functions have
the familiar hump-shape if ¢ > r, whereas they are u-shaped if ¢ < r (Proposition 2).

Next, consider heterogeneous performance technologies. From (18), if technologies
are strictly log-supermodular, or t; —ry, 1o —ry > 0, then it is still true that agent 1 is
more likely to view actions as strategic complements the higher a; is or the lower a, is
(Theorem 2). However, the clear-cut link between the agent’s status as frontrunner or
laggard and whether she views actions as complements or substitutes breaks down.?!
Moreover, if rito > 7oty then agent 1 views actions as strategic substitutes whenever
both actions are low enough. Agent 1’s reaction function is then decreasing if her
valuation is low because (i) only low actions can be justified in that case and (ii) she
is willing to undertake costly effort only if agent 2’s action is also low. More generally,

her reaction function is first-increasing-then-decreasing (Propositions 4-5). A

B.5.2 Shifting supports

It has been assumed that the support of the performance is the same for both agents
and independent of the action, at least as long as the action is strictly greater than
zero. This subsection briefly explores the consequences of relaxing this assumption.
Assume that technologies are identity-independent and let the support of agent ’s
performance be denoted [z(a;),Z(a;)]. Assume that both z(-) and Z(-) are differen-
tiable and non-decreasing, or z/(-),Z'(-) > 0. This is consistent with the assumption
that F'(z|a;) improves in the sense of first-order stochastic dominance when a; in-
creases.

Consider an action profile for which a; > a;. Hence, agent 7 is the frontrunner.
Assume that T(a;) > z(a;). Otherwise, agent ¢ wins with probability one, meaning

that she could lower her action without lowering her chance of winning. Modifying

31 An exception occurs if (and only if) r1ty = 79t; or ;—f = % = B > 0. However, in this case
agent 1 can perfectly reproduce agent 2’s distribution of performance by taking action a; = SBas.

Thus, technologies are effectively homogeneous. A precise taxonomy is in Section 2.
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(2), o
Pia) = / Flala)f(z|a)de + 1 — F(%(a;)|a:).
z(a;)

Hence, the cross-partial derivative with respect to a; and a; is

Z(a;)

Piy(a) = —Fy(z(a;)|a;) f (z(ai)|ai)z’(a:) + /x(a) Fo(zlay) fo(zlai)dz.  (19)
The second term is familiar from the case in which the support does not shift. The
first term is non-negative and strictly positive whenever z(a;) > 0 and z(a;) > z(a;)
given F,(z(a;)|a;) < 0 in that case. This reflects the fact that there is an additional
source of complementarity when the support shifts with the action. Starting from
a; < a;, an increase in a; means that agent j’s support eats its way into the support
of agent i’s performance. Hence, agent ¢ is less likely to win if her performance is
the lowest possible, z(a;). This provides her with an extra incentive to work harder
herself, to further separate the supports.

Similarly, the cross-partial derivative of agent j’s winning probability,

A Z(a;)
Pih(a) = Fuo(T(ay)]a;) f(Z(az)]a;)T (a;) +/ Fo(xla;) fo(@|az)dz, — (20)

z(a;)

contains an extra negative term. This is because the laggard’s incentive to work hard
diminishes when the frontrunner’s support shifts to the right. The laggard then has
a smaller chance of influencing the outcome, meaning the return to effort is lower.
In short, both (19) and (20) contain an extra term that works in the same direction
as log-supermodularity of —F,. Thus, Theorem 1 extends to the case where the

support shifts with the agent’s action. For completeness, a formal statement follows.

Proposition 13 Consider any contest with two agents and identity-independent tech-

nologies. Assume that 2'(+),7'(-) > 0 with

O In(—F,(x,a))

E
w(z,a) <0 and Db

> 0 for all (x,a) € (z(a;),T(a;)) x (0,00).
Fixz any interior action profile with a; > a; and T(a;) > z(a;). Then, the frontrun-

ner views actions as strategic complements and the laggard views actions as strategic

substitutes.
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The presence of the additional terms in (19) and (20) means that log-supermodularity
of —F, can be relaxed. In other words, Theorem 1 is robust to shifting supports and
may hold even without NUC. The following example proves the latter assertion in a

setting where both f and —F}, are log-submodular.

Example 7 (Pareto Distributions): Consider a rank-order tournament with additive
noise. Assume that the noise term follows a Pareto distribution with scale and shape
parameters that are both equal to one. In other words, the distribution of the noise
term ¢; is Q(g;) = 1 — Ei with density ¢(e;) = %, &; € [1,00). Agent ¢’s performance
is a; +¢;, which has distribution F'(z|a;) = Q(z . a;), x € [14a;,00). This example is
inspired by a leading example in Drugov and Ryvkin (2020) and Drugov, Ryvkin, and
Zhang (2024). Their focus is on rank-order tournaments with homogenous agents,
but they endogenize the prize schedule and a minimum standard, respectively. The
Pareto distribution is one of the distributions with a “heavy tail.” It has the unusual
property that the likelihood-ratio is decreasing, thus violating MLRP, but positive
on the entire support. Thus, the second term in (19) is negative, which is consistent
with the fact that —F, is log-submodular. Nevertheless, it can be verified that the
first term in (19) dominates, meaning that the frontrunner does indeed view actions
as strategic complements. Intuitively, F,(z(a;)|a;) = —1 in the first term is bounded
away from zero and f(z(a;)|a;) is large, since f(z(a;)|a;) = 1 is the highest value that
the density ever takes. Thus, there is a significant incentive to take a higher action
in order to shift the support. Alternatively, note that T(a) is constant, meaning that
the first term in (20) is zero while the second term is negative. Hence, the laggard
views actions as strategic substitutes, which in turn implies that the frontrunner views

actions as complements. A

B.6 Precommitment in sequential contests

Dixit (1987) is interested in sequential contests in which the leader commits to an
action that is observed by the follower before the latter makes her move. Dixit’s aim
is to understand whether the opportunity for such precommitment gives the leader
an incentive to increase or decrease her action. He assumes that the CSF is of the
probit or the logit form, while allowing for identity-dependent impact functions.
Dixit articulates the intuition as follows: since “each player’s effort level harms the

other [it is] strategically desirable for [the leader| to precommit his effort level in such
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as way as to induce a lower effort from [the follower]| in response.” How to induce a
lower effort by the follower depends on whether she considers actions to be strategic
substitutes or complements. By Theorem 1, starting from the equilibrium action
profile in the simultaneous-move contests, the favorite (underdog) views actions as
strategic complements (substitutes) whenever technologies are homogeneous. Thus,

Dixit’s (1987) main result can be generalized, as stated in the next Corollary.

Corollary 6 Consider a strict LSM contest with two agents and homogeneous tech-
nologies. Assume that A1 holds and that there is an interior pure-strateqy Nash FEqui-
librium, (a},al), in the simultaneous contest. Then, in a sequential contest, if the
leader was the favorite (underdog) in the simultaneous contest, she has an incentive

to increase (decrease) her action in the sequential contest, or

8ui (ai, bj (al))
aai |a;=a}

DN | —

20 <= Py(aj,a3) 2

Proof. Simple differentiation and b;(a;) = a} yields

8ui(ai,b~(ai)) Q% QAN [k
—8aj L u;(a”) + uj(a®)b;(a;)

= uj(@”)b)(a),

where the last inequality follows from the first-order condition. The corollary then
follows from u/(a*) < 0 and Theorem 1. m

Corollary 6 is a local result. It is hard to formally rule out that a very large
departure from a; in the opposite direction could be better. Dixit (1987) himself is

quite careful to focus on actions in a “neighborhood of the Nash equilibrium”.3?

32There are other technical complications. Baye and Shin (1999) note that if agents are completely
symmetric, or P¢(a*) = %7 then (consistent with Corollary 5) there is no first-order effect of a change
in the leader’s action, but this does not rule out a second-order effect. Baik and Shogren (1992)
endogenize the order of moves.
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